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1. Introduction

In number theory, one of the main topics is the study of Diophantine equations: sys-
tems of polynomial equations with integer coefficients. A central goal is to describe the
integer and rational solutions of such equations. This leads to several basic questions,
such as:

1. Are there any solutions?
2. Is the set of solutions infinite?

3. When can solutions of the equations modulo a prime number p be lifted to
integer solutions?

Over the decades, algebraic geometry has shown to be a very powerful tool in studying
such questions. The system of equations defines an algebraic variety, and the integer
solutions correspond to integral or rational points on the variety. By studying the
geometry of this variety, much information is obtained on the solutions, and this
has lead to the field of Diophantine geometry and the broader field of arithmetic
geometry. This philosophy was captured beautifully by Hindry and Silverman in the
introduction of [HS00] by the slogan

’ Geometry Determines Arithmetic‘

This approach to Diophantine equations has proven to be very successful, and has
led to important results such as the Mordell-Weil Theorem [Wei28|, the proof of the
Mordell Conjecture by Faltings |[Fal83] and the Modularity Theorem [BCD™01].

In number theory, there is also a significant interest in special solutions of Dio-
phantine equations, such as squarefree solutions, coprime solutions, and squareful
solutions. The study of squarefree values of polynomials is an active research area,
see for example [Hoo67} [Fi192; [Poo03; SW23|. Squareful numbers have also been
extensively studied, such as in [ES34} [Hea90; |ZW12; [Van12]. In this thesis, we set
up a general geometric framework for studying special solutions of Diophantine equa-
tions, which we call M-points. This allows us to apply the methods and language of
arithmetic geometry to understand such solutions.

1.0.1 Campana points and related notions

The framework of M-points subsumes the theory of Campana points. The theory of
Campana points allows for a geometric study of squareful, and more generally m-full,
solutions of Diophantine equations. Here we recall that an integer n is m-full if for
every prime number p dividing n, p™ also divides n. Campana points can be viewed
as integral points on a variety with respect to a weighted boundary divisor.
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In recent years, Campana points have attracted a significant amount of attention,
as many results and conjectures concerning rational points extend to Campana points.
One such example is the Mordell Conjecture |[Fal83|, whose analogue for Campana
points has been introduced by Campana |[Cam05|] and which was proven over function
fields of characteristic 0 by him |[Cam05| and proven recently in [KPS22] in positive
characteristic. Over number fields the conjecture is implied by the abc Conjecture, see
[Smel7, Appendix] for example. Recently in [BJ24] it was shown that the Kobayashi—
Ochiai Theorem generalizes to Campana pairs, giving a higher dimensional analog of
the Mordell Conjecture for the theory of Campana points over function fields. This
result has found uses in proving scarcity of rational points on some surfaces [Smel7}
KPS22] and certain threefolds |[BJR24]. Campana points have also been used to show
that the weakly special conjecture of Harris and Tschinkel [HTO00| contradicts the
abc-Conjecture [BCJT24].

Similarly, recently a generalization of Manin’s conjecture on rational points of
bounded height to the setting of Campana points has been introduced in [PSTVA21).
This conjecture is known for several varieties with appropriately chosen boundary di-
visor, such as diagonal hypersurfaces [Van12; BY21} [Shu21} |[Shu22; BBK 24|, vector
group compactifications [PSTVA21], norm forms [Str22|, biequivariant compactifi-
cations of the Heisenberg group [Xia22| and wonderful compactifications [CLT*25].
Furthermore, for the log-anticanonical height, this conjecture has been proven for com-
plete toric varieties [PS24aj [SS24] and certain complete intersections therein [PS24b).
In [Fai23} [Fai25], a motivic analogue of Manin’s conjecture for Campana points is
proven for vector group compactifications and toric varieties.

Several other related types of rational points have been studied as well, such as
Darmon points. For a Diophantine equation, the solutions of the equation by powers
of integers (up to units) is a set of Darmon points. This terminology was coined
in [MNS24], honoring Darmon’s study of M-curves |Dar97|. In that paper, Darmon
unconditionally proves the analog of the Mordell Conjecture for Darmon points over
number fields and uses it to prove that generalized Fermat equations have finitely
many solutions. Darmon points also appear in Campana’s work as morphismes orb-
ifoldes divisibles [Camllal Définition 2.4]. Darmon points are intrinsically connected
to orbifolds through the root stack construction given in |[Cad07], as we will explain
in Section

In other works [AV18; |Str22] another variant of Campana points called weak
Campana points is used in the study of analogues of the conjectures of Vojta [Voj87]
and Manin |[Pey95| on rational points.

1.0.2 M-points

The notion of M-points vastly generalizes integral points, (weak) Campana points
and Darmon points and provides a common framework for studying these notions.
To define such points, one needs to fix an integral model of the variety. Here the
parameter set M encodes the boundary components on the integral model and the
admissible intersection multiplicities, and the letter M was chosen in reference to
the latter. The precise definition is given in Section m For example, in A7, for
suitable choices of the parameter set M, M-points can describe points with integer
coordinates that are squarefree, all cubes, or all coprime. On the geometric side, M-
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points can describe tuples of polynomials that are squarefree, have no simple zeroes,
or are coprime. Many more examples are given in Section

The main goal of this thesis is to study the following question: “How are M-points
distributed on a variety?”

There are different ways in which this question can be understood. In this thesis,
we study two precise questions regarding M-points:

e When does the set of M-points satisfy M-approximation, the natural analogue
of strong approximation?

e What is the number of M-points of bounded height?

We study the first question in Chapter [2]and in Chapter[3] and the second question in
Chapter [fand Chapter[f] In both cases, we first set up general definitions and general
results for M-points, and afterwards focus on M-points on split toric varieties.

Chapter [4 and Chapter [5] can be read independently from most of Chapter [2] and
Chapter [3] More specifically, Chapter ] only depends on the definition of pairs and
M-points introduced in Section [2.1] as well as the examples given in Section [2.1.4
while Chapter 5| additionally requires Cox coordinates and toric pairs as introduced
in Section 3.1

1.1 M-approximation

1.1.1 Weak and strong approximation

In number theory and algebraic geometry, the study of weak and strong approxima-
tion on algebraic varieties is an enduring area of research. These two properties are
intimately related to the following question: given a system of polynomial equations

{fi="=fa=0}

with integer coefficients, does every solution of these equations in Z/nZ lift to a
solution over Z? Such a lift exists as long as the variety defined by these equations
satisfies strong approximation off the infinite place. If the variety X satisfies weak
approximation off the infinite place, then every solution in Z/nZ can be lifted to a
nonzero solution of

{Fi=-=F, =0}

over 7, where F; is the homogenisation of the polynomial f;.

Both weak and strong approximation serve as a natural extension of the Chi-
nese Remainder Theorem. Using the language of the p-adic numbers, the Chinese
Remainder Theorem is equivalent to the statement that

z— ] z
p prime

has dense image. Strong approximation and weak approximation can both be for-
mulated in a similar way. Let K be a number field or a function field of a curve,
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and write Qg for the set of places of K. Then a variety X over K satisfies weak
approximation if the natural embedding

X(K) = J] X(K.)

VEQK

has dense image, where K, is the completion of K with respect to the place v. In other
words, X satisfies weak approximation if, for every finite collection .S of places of K
with chosen points P, € X(K,) for all v € S, there exists a rational point P € X (K)
approximating all P, arbitrarily well. The variety X satisfies strong approximation
if the rational point P can be chosen to be integral with respect to all places outside
of S. For a precise description of weak and strong approximation, see Section [2.2.2

Strong approximation was first studied by Eichler in [Eic38|, where he stud-
ied the property for certain algebraic groups over number fields. In the 60’s and
70’s, his results were extended to all semisimple simply-connected algebraic groups
[Kne66; [Pla69; Mar77; [Pra77]. Much more recently, other types of varieties have
been shown to satisfy strong approximation (with Brauer-Manin obstruction), such
as certain quadrics [BCO§|, toric varieties [WX12; |(CX18b; |Wei2l; [San23a; (Che24],
certain quadratic fibrations [Xul5|, certain homogeneous spaces [BD13; |(CH16; (Col18;
Dem?22|, certain affine hypersurfaces [DW17], groupic varieties [Caol8; |CX18a] and
certain complete intersections |[CZ18]. There is also an extensive literature on weak
approximation (with Brauer-Manin obstruction) for the aforementioned types of vari-
eties [CSS87; |CS89; Har95; |Ski97; |CL14; |Lucl4], as well as for certain abelian varieties
[Wan96|, certain del Pezzo surfaces [Var08] and Chételet surfaces [NR24]. Rationally
connected varieties over a function field of a complex curve have been shown to satisfy
weak approximation away from places of bad reduction [HT06|.

1.1.2 M-approximation

As with integrality, the M-condition is a local condition, so local-global principles
such as strong approximation have natural analogues for M-points. In Section [2.2.2
of Chapter [2| we introduce M-approximation and integral M-approximation, which
generalizes and interpolates between weak approximation and (integral) strong ap-
proximation. Here M encodes the boundary components on the variety and the same
intersection multiplicities as M. The precise definition is given in Section A
variety X satisfies M -approzimation if, roughly speaking, for every finite set of places
S C Qg and points P, € X(K,) for v € S, there exists P € X (K) approximating
all P,, such that for every place v € Qg \ S, P satisfies the M-condition at the
place v. This is formalized in terms of density of rational points in an appropriate
adelic space, introduced in Definition Similarly to strong approximation, this
property is independent of the choice of the integral model.

Integral M-approzimation is a variant on this notion obtained by letting P, €
X(K,) be a local M-point and requiring P € X(K) to be an M-point. Under
very mild conditions, M-approximation implies integral M-approximation, see Sec-
tion and Proposition [3.2.20

Integral M-approximation extends the notion of weak Campana approximation
which was introduced by Nakahara and Streeter in [NS24] and further studied in
INS24; |CLT24|]. However, M-approximation behaves very differently from the notion
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of Campana strong approximation as given in their follow up paper with Mitankin
[MNS24]. Their notion of Campana strong approximation interpolates between strong
approximation and integral strong approximation, rather than weak approximation.

1.1.3 M-approximation and the M-Hilbert property

If X is an integral variety over a field K, then a subset A C X(K) is thin if it
is contained in a finite union of proper closed subvarieties and images of the set of
rational points under generically finite maps Y — X of degree greater than 1, where
Y is an integral variety. In positive characteristic this is less strict than the usual
definition as given in [BFP14; [Lug22], see Remark

The fields considered in this thesis are PF fields (K, C'). Here K is either a number
field or the function field of a regular projective curve C' over some field k. If K is a
number field then C' = Spec O where Ok is the ring of integers. Such fields have
a good notion of places, as explained in Section [1.3.4] and therefore allow for the
study of local-global principles, which has been done previously in [Yam96} [Yam02|.
The terminology ‘PF fields’ is explained by the fact that such fields satisfy a product
formula, see Remark

Let X be a proper variety over a PF field (K,C). Let B C C be an open sub-
scheme. As is the case for integral points, we consider integral models over B in order
to define M-points over B in X(K). If M is a parameter set defined by boundary
components D, and a set of admissible multiplicities 9T as in Definition then
we can consider an proper integral model X over B with parameter set M obtained
by taking proper integral models D, C X of the boundary components. We then
call (X, M) a pair and (X, M) an integral model of (X, M) over B and write the
set of M-points as (X, M)(B). In the literature on Campana points, the boundary
components D, are divisors. We do not impose this restriction however, and allow
the components D, to be arbitrary closed subschemes.

The first theorem shows that integral M-approximation implies that the set of
M-points is Zariski dense, unless this set is empty. If K is a global field it also shows
that the set of M-points is not thin.

Theorem 1.1.1. Let (X, M) be a pair over a PF field (K,C) with integral model
(X, M) over an open subscheme B C C. Assume that X is a geometrically reduced
variety and that D, does not contain an irreducible component of X for any a € A.

If (X, M) satisfies integral M-approzimation off a finite set of places T C Qi and
(X, M)(B) # 0, then X is geometrically integral and (X, M)(B) is Zariski dense. If
furthermore K is a global field then (X, M) satisfies the M-Hilbert property over B,
i.e., (X, M)(B) is not thin in X(K).

This theorem is a generalisation to M-points of a result of Nakahara and Streeter
INS24, Theorem 1.1] which shows that weak weak Campana approximation implies
the Campana Hilbert property. Their result is in turn a generalisation of a theorem
of Colliot-Théléne and Ekedahl [Ser08, Theorem 3.5.7], which states that weak weak
approximation implies the Hilbert property. Theorem [I.1.] also generalizes all of
these results from number fields to global fields, and removes the assumption that
the variety is normal or even integral. Furthermore, the theorem even extends to
function fields of curves over infinite fields, albeit with a weaker conclusion. The
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stronger conclusion obtained for global fields does not need to hold for such function
fields, as shown in Corollary This corollary shows that, for a function field
K of a curve over an algebraically closed field, integral M-approximation need not
imply the M-Hilbert property. In particular, this gives the first examples of varieties
which satisfy strong approximation, but for which the set of integral points is both
Zariski dense and thin.

If the field K is a number field and X is geometrically irreducible, then the proof
of Theorem [1.1.1]closely follows the proof of Nakahara and Streeter. The main idea is
to use the Lang—Weil bounds [LW54] to show that, for a generically finite morphism
Y — X of degree greater than 1, the image of Y (K,) in X (K,) is too small to contain
(X, M)(0O,). For global function fields, the proof is similar but more complicated,
due to the existence of inseparable morphisms Y — X. For these morphisms, we
cannot apply the Lang—Weil bounds, and instead we prove and use Lemma
which implies that the image of Y (K,) — X (K,) is nowhere dense if X is smooth.

For function fields of curves over infinite fields, the main difficulty in proving
Zariski density of (X, M)(B) is that we do not know whether X (K,) contains a
smooth point for some place v. We show this by invoking recent results by Moret-
Bailly on rational points in fibres [Mor20] and combining this with Hensel’s Lemma.

Remark 1.1.2. The assumption that X is geometrically reduced is necessary for the
conclusion of Theorem to hold. Example gives an example of an integral
curve such that X (K,) = X(K) consists of a single point for every place v, so that
X satisfies weak approximation but X (K) is not Zariski dense in X.

1.1.4 M-approximation for split toric varieties

In Chapter [3] we focus on studying M-approximation for split toric varieties X.
More specifically, we consider pairs (X, M) where the boundary components used in
defining M are the torus-invariant prime divisors D, ..., D,. We will call such a pair
(X, M) a toric pair. In this setting we give a necessary and sufficient criterion for
M-approximation to hold off a given set of places T. To state the theorem, we will
need the set

p(K,C) = {n eN* | OF QNN O is surjective for all v € QK} :

An integer n lies in this set if for every v € Qg every unit in O, admits an n-th root.
This set has not been studied before to the author’s knowledge. This set is explicitly
computed in Lemma In particular, p(K,C) = {1} if K is a global field, and
p(K,C) = N\ char(K)N if K is the function field of a curve over a separably closed
field.

Theorem 1.1.3. Let (K,C) be a PF field and let (X, M) be a toric pair where X is
a normal complete split toric variety over K with co-character lattice N. Let T C Qg
be a nonempty finite set of places and let NM,NAZ C N be the lattice and the monoid
as in Definition[3.2.3 and Definition[3.2.6 Then

1. (X, M) satisfies M-approxzimation off T if |N : Ny| € p(K,C). If Pic(C) is
finitely generated, then the converse also holds.
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2. Furthermore, (X, M) satisfies M -approzimation if and only if N = th[.

This considerably generalizes Nakahara’s and Streeter’s result [NS24, Theorem
1.2(i)] from projective space to general split toric varieties, from Campana points to
M-points and from number fields to PF fields.

The proof of Nakahara and Streeter does not extend to the setting of M-points,
as their proof essentially uses the fact that for any two S-integers a,b such that b
divides a, the integer a™b is m-full for any positive integer m. Since we consider
sets (X, M)(B) of points which can greatly differ from Campana points and can have
much less structure, our proof of Theorem takes a different approach. The proof
is subdivided in two steps. First in Section [3.2:2] we prove results on the density of
squarefree elements in rings of integers and on affine curves, which can be thought of
as “squarefree strong approximation” on the affine line. Then we use Cox coordinates
as introduced in [Cox95| to extend the results from the affine line to toric varieties.

Remark 1.1.4. The condition that Pic(C) is finitely generated is satisfied in many
cases, such as when C' is rational or when K is finitely generated over its prime field.
The latter follows from Néron’s generalisation of the Mordell-Weil Theorem [Con06,
Corollary 7.2].

Remark 1.1.5. Note that M-approximation off a nonempty set of places only de-
pends on the lattice Njs rather than on (X, M). This can be viewed as an analogue
of purity of strong approximation as in |[CLX19; |CH20; [Wei2l; (Che24]. In fact,
this theorem shows that purity holds for strong approximation with respect to toric
subvarieties.

By a classical theorem of Minchev [Min89, Theorem 1], of which we give a new
proof in Corollary a variety over a number field can only satisfy strong ap-
proximation off a finite set of places T if it is algebraically simply connected. The
following consequence of Theorem [1.1.3| implies that, for split toric varieties, these
two properties are actually equivalent.

Corollary 1.1.6. Let (K,C) be a PF field of characteristic 0, let K be an algebraic
closure of K, let X be a complete normal split toric variety over K and let V C X be
an open toric subvariety. Then:

1. For any nonempty finite set of places T', V satisfies strong approzimation off T
if m1 (V) is finite and |m (V)| € p(K,C). If Pic(C) is finitely generated, then
the converse also holds.

2. The variety V' satisfies strong approzimation if and only if Vi is simply con-
nected and O(Vg) = K.

Remark 1.1.7. If p(K,C) = 1, then the first part of Corollary states that for
any nonempty set of places T, V satisfies strong approximation off T if and only if
V is simply connected. On the other hand, if p(K,C) = N* then V satisfies strong
approximation off 7" if and only if its fundamental group is finite, or equivalently if
and only if V' does not have torus factors by [CLS11, Exercise 12.1.6].

In Section [3.4] we give two more characterisations of strong approximation on
split toric varieties. Corollary characterizes strong approximation in terms of
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the Picard group and is valid over any PF field. Corollary implies that, over a
number field, a smooth split toric variety satisfies strong approximation off a finite
nonempty set of places if and only if the Brauer group modulo its constants vanishes.
This strengthens the results of Cao and Xu in [CX18b] on strong approximation with
Brauer-Manin obstruction for toric varieties over number fields when the toric variety
is split toric. We strengthen their results by taking infinite places into consideration
and we allow the ground field to be a function field. A similar result has recently
also been shown over number fields by Santens in [San23a, Theorem 1.3], which
implies that the algebraic Brauer-Manin obstruction is the only obstruction to strong
approximation if every regular function on the variety V4 is constant.

By applying Theorem to Campana points as defined in Definition we
obtain the following generalization of [NS24] Theorem 1.2(i)]:

Corollary 1.1.8. Let (K,C) be a PF field, let X be a complete normal split toric
variety and let T C Qg be a finite set of places. Let (X, M) be the toric pair corre-
sponding to the Campana points on (X, D) as defined in Definition where
m = (my,...,my,) € (N*U{oo})" and

2 1
Do — (1 _ ) Ds.
Py m;

7

Then (X, M) satisfies M-approzimation off T if X \ |Dm] satisfies the conditions
for strong approzimation given in Corollary [I.1.6 or Corollary[3.4.2 If furthermore
Pic(C) is finitely generated or T = (), then the converse also holds. In particular, X
satisfies M -approzimation if m; < oo for allt=1,...,n.

The special case of Corollary where (K, C) is the function field of a curve
over an algebraically closed field of characteristic 0 has been proven independently
in a recent work by Chen, Lehmann and Tanimoto [CLT24], under the additional
assumption that m; < oo for all # = 1,...,n. They also obtain analogues of this
result for other Campana pairs (X, Dy,) which are “Campana rationally connected”.
The method they use relies on logarithmic geometry, and differs from the approach
taken in this thesis.

We also study failures of the M-Hilbert property on split toric varieties. The main
result in this direction is Theorem [3.3.5] which gives general sufficient conditions for
the M-Hilbert property to fail, and gives a measure of how badly it fails. It also gives
a precise characterisation for Zariski density of the set of M-points. As a consequence
of the theorem it follows that over global fields, M-approximation is equivalent to the
M-Hilbert property.

Corollary 1.1.9. Let (K, C) be a global field, let B C C be a nonempty open set and
set T =Qr \ B. Let (X, M) be a toric pair where X is a normal complete split toric
variety over K with toric integral model (X, M) over B. Then (X, M) satisfies M-
approximation off T if and only if the M-Hilbert property over B is satisfied, meaning
that (X, M)(B) is not thin.

If T # 0, then the same holds for any integral model (X, M) over B such that
(X, M)(B) # 0.
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1.1.5 Darmon points and root stacks

In the final section on M-approximation, we elucidate the relation between Darmon
points and root stacks, and we relate the conditions in Theorem to the funda-
mental group of the associated root stack. Proposition [3.5.2] shows that outside of
the boundary, integral points on the root stack (X, ”{‘/T)) are the same as Darmon
points on X'. We also prove in Propositionthat the pair (X, M) corresponding to
the Darmon points satisfies M-approximation if and only if the root stack (X, '{‘/5)
satisfies strong approximation, as studied in [Chr20} [San23b).

In Lemma [3.5.8 we compute the étale fundamental group of a toric root stack, and
show that it coincides with the profinite completion of the group N/Ny; considered in
Theorem [I.1.3] By combining the lemma with Theorem [I.1.3] we obtain the following
characterisation of strong approximation for split toric root stacks, which generalizes
Corollary from toric varieties V' C X to toric root stacks (X, ¥/D) — X.

Corollary 1.1.10. Let X be a smooth split toric variety over a PF field (K,C) of
characteristic 0, let Dq,..., D, be the the torus-invariant prime divisors on X, let
my,...,my € N*U{oco} and let Dy, be the corresponding Campana divisor as in
Definition . Let T C Qg be a finite nonempty set of places and let K be an
algebraic closure of K. Then

1. (X, ¥/D) satisfies strong approzimation off T if m (X%, ®/Dy) is finite and
|m1 (X%, %/ Dx)| € p(I,C). The converse also holds if Pic(C') is finitely gen-
erated.

2. (X, ¥/D) satisfies strong approzimation if and only if (X, %/Dz) is simply
connected and O(X7, ®/Dx) = K.

1.2 M-points of bounded height

For the remainder of the thesis, we focus on counting M-points. For this we restrict
to rationally connected pairs, as we will define in Chapter [d] In Conjecture [1.2:2] we
propose an asymptotic formula for the number of M-points of bounded height, for
any smooth, proper and rationally connected pair (X, M) over a number field. This
conjecture generalizes both Manin’s conjecture on rational points of bounded height
[FMT89; [Pey95; [LST22|, as well as its extension to Campana points [PSTVA21]
Conjecture 1.1] as formulated by Pieropan, Smeets, Tanimoto and Vérilly-Alvarado.

Conjecture [[.2.2] is formulated using the Picard group of the pair, which we in-
troduce and study in Chapter 4} In Chapter |5 we will then prove our conjecture on
M-points for toric pairs over Q.

1.2.1 Heights and Manin’s conjecture
A height on an algebraic variety X over a number field K is a function
H: X(K) = Rso,

which measures the “complexity” of a rational point. Heights are a very important
tool in the study of rational points, used to prove many results in arithmetic geometry.
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For instance, they are used in the proof of the aforementioned Mordell-Weil theorem
[Wei28] and the Mordell Conjecture [Fal83]. The most studied height function is the
Weil height on projective space. For a rational point P = (1 : -+ : 2,,) € P"7}(K),
the Weil height is the product

HP) = [] max(jz1lv, ..., |znlw),

VEQK

where Q is the set of places of K and |- |, is the v-adic norm on K. Thus for a
given variety X with a given embedding X C P"~!, we get a height function on K
by restricting the Weil height to X. More generally, given any line bundle L on X
with an adelic metrization £, we obtain a height

H: X(K) = Rsg

on X as defined in [Pey95| §1.3]. Manin’s conjecture gives a prediction for the number
of rational points of bounded height on a rationally connected variety (such as a Fano
variety). We recall the most recent version of the conjecture, which is given for
example in [LST22, Conjecture 1.2].

Conjecture 1.2.1. [Manin’s conjecture] Let X be a proper smooth rationally con-
nected variety over a number field K and assume that X (K) is not a thin set. Then
for every big and nef divisor class L with an adelic metrization L, there exists a thin
set Z C X(K) such that

#{P e X(K)\ Z | H:(P) < B} ~ ¢B** D (log B)PEXL)=1 45 B o0,

where ¢ > 0 is a constant, a(X, L) is the infimum of all rational numbers a such
that aL + Kx is an effective Q-divisor class and b(K, X, L) is the codimension of the
minimal face of the pseudo-effective cone containing a(X, L)L + Kx.

As an important special case, the conjecture implies that on a Fano variety there
exists a thin set Z such that the number of points P € X(K) \ Z with anti-canonical
height H_x, (P) < B is asymptotic to

cB(log B)rank Pic(X)—1

as ¢cB — oo, where —Kx is any metrization of the anti-canonical divisor class —Kx.

Manin’s conjecture was first formulated and studied in 1989 and 1990 by Manin,
Batyrev, Tschinkel and Franke [FMT89; |BM90|. Peyre |[Pey95| further contributed
to the conjecture by giving a conjectural value for the constant c¢. More recently
Lehmann, Sengupta and Tanimoto [LST22] have formulated a prediction for the thin
set Z that has to be excluded.

1.2.2 An generalisation of Manin’s conjecture for M-points of
bounded height

Now we will formulate a version of Manin’s conjecture for M-points. Let (X, M) be
a smooth, proper and rationally connected pair over a number field K, as defined in
Section For such a pair, we introduce its Picard group Pic(X, M) along with
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a natural group homomorphism pr},: Pic(X) — Pic(X, M), as well as its canonical
divisor class K(x ar) € Pic(X, M). Using these notions, we define the Fujita invariant
a((X, M), L) and the b-invariant b(K, (X, M), L) for pairs analogously to the respec-
tive invariants for varieties as in [LST22]. We use these geometric invariants to give
an asymptotic formula for the number of M-points of bounded height.

Let £ = (L,||-]|) be an adelically metrized line bundle on X. For a subset A C
X(K) and an integer B, consider the counting function

N(A,L,B) = #{P € A| H.(P) < B}.

Fix a finite set S of places of K including all infinite places, and let Og C K be the
ring of S-integers.

Conjecture 1.2.2. Let (X, M) be a smooth proper pair over a number field K such
that (X, M) is rationally connected, and let (X, M) be an integral model of (X, M)
over Og. Assume furthermore that (X, M)(Og) C X(K) is Zariski dense in X. Then
for every big and nef divisor class L with an adelic metrization L, there exists a thin
set Z C X(K) such that

N((X,M)(Os)\ Z, L, B) ~ cBEM):L) (Jog B)PUGXM)LI=1 g By o0,

where a((X,M),L) and b(K, (X, M), L) are the Fujita invariant and the b-invariant
as in Definition[[.2.17 and c is a constant.

Conjecture[1.2.2|can be directly seen to be a generalization of Manin’s conjecture,
formulated in Conjecture[L.2.1] It is not as straightforward to show that the conjecture
generalizes its analogue for Campana points, formulated in [PSTVA21, Conjecture
1.1], but in Section we show that the invariants in the two conjectures agree
with each other. In particular, Conjecture is also compatible with |[CLT"25,
Conjecture 8.3], as that conjecture only differs from [PSTVA21, Conjecture 1.1] in the
prediction of the leading constant c. Aside from implying the conjecture [PSTVA21,
Conjecture 1.1] on Campana points, Conjecture also predicts the asymptotic
growth for the number of Darmon points and weak Campana points of bounded
height, for which no such predictions exist in the literature. Weak Campana points
of bounded height were discussed in [PSTVA21|, but the authors of that article did
not give any prediction for their asymptotic growth.

Remark 1.2.3. By Corollary Conjecture [1.2.2] implies that for any Cam-
pana pair (X, Dy,), the number of Darmon points of bounded height has the same
asymptotic growth as the number of Campana points of bounded height, up to possi-
bly differing leading constants. For weak Campana points, the asymptotic growth is
similar to Campana points as their Fujita invariants agree, but the exponent on the
logarithm tends to be larger, as shown in Proposition

Remark 1.2.4. As we will see in Section [3.5] Darmon points correspond to integral
points on the corresponding root stack. Conjecture therefore gives a predic-
tion for the asymptotic number of integral points of bounded height on a root stack
(X, '{'/T)), where the height is induced by any metrized big and nef line bundle on X.
This is related to the conjecture by Ellenberg, Satriano and Zureick-Brown on the
number of rational points of bounded height on stacks [ESZ23| Conjecture 4.14] and
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its generalization by Darda and Yasuda [DY24, Conjecture 9.16]. Their conjectures
use different heights however: the heights we consider are what Darda and Yasuda
call an unstable height, while their conjecture uses stable heights instead.

Remark 1.2.5. In contrast to Manin’s conjecture, as we have formulated it in Con-
jecture and its analogue for Campana points [PSTVA21, Conjecture 1.1], we do
not assume that the set of M-points in Conjecture [1.2.2]is not thin. Instead, we only
require that it is Zariski dense. The reason for this is that Theorem [1.2.7] introduced
in the next section, implies the conclusion of Conjecture for every proper toric
pair, even though there are many such pairs (X, M) for which the set of M-points
is thin by Theorem [3.3.5] Furthermore, there are no known examples of rationally
connected varieties with a thin, but nonempty, set of rational points. Any such exam-
ple would contradict an open conjecture by Colliot-Thélene [Ser08, Conjecture 3.5.8],
[Col88].

Remark 1.2.6. In the analogue of Manin’s conjecture for Campana points, formu-
lated in [PSTVA21| Conjecture 1.2], the authors additionally assume that the integral
model X is regular, which we do not assume here. The main reason for imposing such
a restriction in their paper is to give a prediction for the leading constant ¢ appearing
in their conjecture. As we do not provide a prediction for this constant ¢ appearing
in Conjecture we do not impose this condition.

1.2.3 M-points of bounded height on toric varieties

In Chapter [5| we will show that Conjecture is true for any smooth proper toric
pair over Q, i.e. for a smooth pair (X, M) where X is a smooth split toric variety over
Q@ and the chosen divisors Dy,..., D, are torus-invariant. In this chapter, we will
always take the integral model (X, M) to be the toric integral model as in Definition
3.1.1] Furthermore, for a divisor class L € Pic(X), we let £ be the metrized line
bundle obtained by equipping L with the toric metric as in [BT96, Theorem 2.1.6]
and we let H. be the corresponding height on X, which we will recall in Section[5.2.1]
For a positive integer S and any real number B, we consider the counting function

Nix,n,n,s(B) = N((X, M)(Z[$]) NU(Q), L, B), (1.2.1)

where U is the dense torus in X. The main result of this section is the following
theorem, which implies Conjecture for toric pairs over Q.

Theorem 1.2.7. Let (X, M) be a smooth proper toric pair over Q with toric integral
model (X, M) over Z and let L € Pic(X) be a big and nef divisor class. Then there
exists 0 > 0 and a polynomial Q of degree b(Q, (X, M), L) — 1 such that

Nexan,z,s(B) = BUEMD (Qlog B) + 0 (B™7)) .

Furthermore, if L is adjoint rigid with respect to (X, M), then the leading coefficient
of Q is explicitly given in Theorem as well as in Theorem |5.2.10.

Here the condition that L is ad-
joint rigid means that the class a((X, M), L)pry, L + K(x a) is represented by an
unique Q-divisor on (X, M), see Definition [4.2.20] This theorem is a special case of
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Theorem [5.2.5] which also allows the pair to be quasi-proper as in Definition [4.2.2T
rather than proper. To prove Theorem for divisors which are not adjoint rigid
with respect to (X, M), we need to consider quasi-proper pairs to show that @ has
degree equal to, rather than at most, b(Q, (X, M), L) — 1.

Theorem implies [PSTVA21|, Conjecture 1.1] for split toric varieties over Q,
including the conjecture for the leading constant if L is adjoint rigid. This generalizes
the results by Pieropan and Schindler [PS24a, Theorem 1.2] to heights corresponding
to divisors different from the log-anticanonical divisors, and improves on their error
term. The theorem is proved using the universal torsor method, as developed by Sal-
berger [Sal98|. The proof proceeds along the lines of de la Breteche’s proof [d1Bre0la]
of Manin’s conjecture for split toric varieties with the anticanonical height, together
with Salberger’s computation of the leading constant [Sal98, Section 11]. Besides gen-
eralizing their results to M-points, it generalizes their proofs to handle other heights
than the anticanonical height.

Therefore, Theorem [1.2.7] is of interest even in the classical setting of rational
points, as it improves on the original proof of Manin’s conjecture for toric varieties
by Batyrev and Tschinkel [BT96, Corollary 1.5] by providing a good control of the
error term. In the classical setting of rational points, Theorem [1.2.7] and its proof
are similar to |[Ess07, Theorem 1], where heights coming from other metrizations are
considered. We finish the section by giving a few examples to illustrate Theorem
277 In these examples, we will consider weak Campana points.

Example 1.2.8. Theorem [I.2.7] implies that
z,y,z € Z\ {0}, ged(z, y, 2) = 1,
xyz is squareful, max(|x|, |y, |z]) < B

B*?(Q(log B) + O(B™"))

#{(m:y:z) € P?(Q)

as B — oo, where 6 > 0 is a constant and @ is a cubic polynomial with leading

coefficient

_ . —3/2

IT a-»Y° LS —3p~1/% | ~0.862.
p prime (1 - p71/2)

See Example for the derivation of this result.

Example 1.2.9. More generally, Theorem [I.2.7]implies that for any positive integers
m and n,

Z1,..., 2y € Z\ {0}, ged(z1,...,2,) =1,

Doz, e PP n =
# 4 (@1 Zn) @ Hxl is m-full, max(|z1|,...,|zn]) < B

i=1
B"™(Q(log B) + O(B~?))

as B — oo, where 6 > 0 is a constant and @ is a polynomial of degree

)G

We will derive this result in Example [5.2.8



14 1. Introduction

Remark 1.2.10. In [Str22, Theorem 1.1], Streeter derived a very similar asymptotic
formula for a related counting problem. Assume that ged(n,m) = 1 or n is prime.
Under this assumption, he shows that for any given norm form N, for a Galois
extension L/K of degree n,

T1yeooyTp €L, ged(x, ... 2,) =1,
# (2 xy) €PPHEK)| Ny(ay,. .., 2,) is m-full, ~
max(|z1],...,|zn]) < B
cB™/" (log B)"(mm)—1

as B — oo, where ¢ > 0 is a constant and

1 -1 -1
b(n,m) = — men — (" .
n n—1 n—1
In particular, we find
deg(Q) = n(b(n,m) — 1),
where @ is the polynomial in Example

1.3 Notation and preliminaries

1.3.1 Natural numbers

We use the convention that the set of natural numbers N contains 0 and we write N*
for the set of nonzero natural numbers. We also define the set of extended natural
numbers N := N U {co} as the one point compactification of the discrete space N.
We use the convention that é = 0. The topology on N is the topology such that
the map N — R given by n — %H is a homeomorphism onto its image. We extend
the greatest common divisor function to allow its arguments to lie in N by setting
ged(oo, ay, ..., a,) = ged(aq, . .., a,) and ged(co) = 0.

1.3.2 Algebra and analysis

We typically denote vectors using boldface and write their components using a normal
face together with an index. For example, we may write s = (s1,...,s,) for a vector
in R™. For two vectors a,b € R™, we write a > b if a; > b; foralli=1,...,n. We
also denote the i-th basis vector of R™ by e;.

For an abelian group G, we write Gg = G®7zQ and Gr = G®zR for its base change
to Q and R, respectively. For a symbol D we write Z(D) for the group isomorphic
to Z with generator D, and similarly we write Q(D) = Q for the vector space with
generator D.

The logarithm log refers to the natural logarithm. For two nonnegative functions
f,g the notation f(x) < g(z) means that there exists a constant ¢ such that f(x) <
cg(x) for all z in the common domain of the functions f and g.
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1.3.3 Geometry

For a field k we write k for a choice of an algebraic closure. All schemes are taken
to be separated. For a scheme X over a base scheme S and a morphism S’ — S of
schemes, we denote the base change by S" as Xg := X xg8’. If S’ = Spec R, we also
write X g in place of Xg.

Given a Q-Weil divisor D = ). a;D; on X we define its floor as [ D] = )", |a;] D;.
If D is an effective Cartier divisor on X, then we will routinely identify it with the
closed subscheme of X defined by the sheaf of ideals Ox(—D) C Ox. If D; and Dy
are Cartier divisors, then the closed subscheme D; + D5 is defined by the ideal sheaf
1= Ox(—(Dl —|—D2)) C Ox.

We define a variety over a field k to be a separated scheme of finite type over k,
and a curve to be an integral variety of dimension 1. Note that curves are defined to
be integral and separated of finite type, but not necessarily geometrically integral.

If k is a topological field and X is a variety over k, then X (k) is equipped with
the induced topology. This is the topology such that for any affine open subvariety
U C X with a closed embedding U — A} the map U(k) — k™ is a homeomorphism
onto its image.

All fundamental groups considered in this thesis are étale fundamental groups.

1.3.4 PF fields

We now introduce PF fields, based on a course taught by Artin at Princeton in
1950/51, of which the lecture notes are found in [Art67, Chapter 12]. See Remark
for the etymology of the term.

Definition 1.3.1. A PF field is defined to be a pair (K, C) where either

e K is a number field, the function field of C' = Spec(Of ), where Ok is the ring
of integers of K, or

e K is the function field of a regular projective curve C over a field k.
We call K a global field if K is a number field or k is finite.

Remark 1.3.2. The scheme C' is specified in order to give a good notion of a place
of K if K is a function field. For example if k& = [(C") is a function field of some
curve C' over a field [ and K = k(C), then the curve C' cannot be recovered from the
field K alone. This issue does not arise if k is finite or when the embedding £ — K
is specified.

Note that every finitely generated field extension K/k of transcendence degree 1
over a field k is naturally a PF field. Each such field is the function field of an affine
curve over k, which we can compactify and normalize to obtain a regular projective
curve C. This curve is the unique regular projective curve C' with K = k(C'), since
any birational map C' — C’ to a regular projective curve is a morphism and therefore
an isomorphism.

Remark 1.3.3. Note that while the curve C' is regular, it need not be geometrically
connected nor geometrically reduced over k. For example, we can consider C =
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P} xj Specl for a finite separable extension [/k or a finite inseparable extension
l/k, respectively. The former subtlety disappears if we replace the base field k& with
its algebraic closure &’ in K, since C is a geometrically connected curve over &'
In particular, if k is perfect, then C' will be a geometrically integral curve over &'.
However, C' need not be geometrically reduced over k&’ without this assumption, as
shown by the curve

C = {saP +ty? + 2 =0} C P}

over the field k = F,(s,t), where p is a prime number. Furthermore, even if C' is
geometrically integral over k, it need not be smooth as shown by the curve

C = {taP + 2Py +y? =0} C P2
over the field k = F,(¢), where p > 2 is a prime number.

Note that if B C C' is an open subscheme, then B is affine, unless K is a function
field and B = C.

We use the convention that a discrete valuation on K contains 1 in its image. If
K is a number field, then a finite place of K is a discrete valuation on K. If K is a
function field, then a finite place of K is a discrete valuation on K which is trivial
on k. We denote the set of finite places of K by Q5> . There is a natural bijection
between the closed points on C' and Q3>°, and we will thus routinely identify finite
places and closed points. Given a finite place v of K, its degree is the degree of the
associated closed point, and define the absolute value on K induced by v as

laly = p~ deg(v)v(a)

Here, p is the characteristic of the residue field k, if char(k,) > 0, and p = 2 if
char(k,) = 0.

For a number field, an infinite place is an embedding v: K — C, where conjugate
embeddings into C are identified. We denote the set of infinite places of K by Q%.

An infinite place v is real if it factors through an embedding K — R and complex
otherwise. An infinite place v induces an absolute value on K by

laly = [v(a)[%

where | - | is the standard absolute value on C and e =1 if v is real and e = 2 if v is
complex. If K is a function field, we set Q3 = 0. For any PF field K we define the
set of places on K to be

Qx = Q> LO%E.

Remark 1.3.4. The term PF field stands for Product Formula field, named after

the formula
H |lzfo =1
vEQK

for all z € K*.

For a place v € Qk, we denote by K, the completion of K with respect to the
absolute value | - |,. This field is locally compact if and only if K is a global field. If
v is a finite place, we set

Oy ={zeK,| |z, <1}
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For an infinite place v, we simply set O, = K,. If X is a scheme over an open
subscheme B C C, then for a place v € B, we write X, = X x5 Spec O,,.

1.3.5 Restricted products and adeles

Definition 1.3.5. Let I be an index set, and for each i € I, let X; be a topological
space with a subspace U; C X;, which is not necessarily open. Then the underlying
set of the restricted product of these spaces is

[[x,00) = {(%‘)ie] e [[x

i€l el

x; € U; for all but finitely many ¢ € I} .

This set is given the finest topology such that for all finite sets J C I, the inclusion

map
Ty HXZ-X H Ui‘—>H(Xz’7Ui)

icJ ieI\J iel

is continuous.

If J' C J are finite subsets of I, then the map [[;c ; Xi x[[;cp v Ui = ;5 Xi %
ILc nNJ U; is a continuous map. Thus for any finite subset J C I there is a natural

homeomorphism
[T o) =X x I (x5 00).
i€l i€J i€INJ
We will now consider the topological properties of two types of inclusions between
restricted products.

Proposition 1.3.6. Fort: € I, let X; be a topological space with subspaces Z; C'Y; C
X;. Then

1 if [1;e(Xs, Zi) # 0, the natural inclusion

[ z) = [1X: )

i€l el
is continuous and has dense image.

2. The natural inclusion [[;c;(Yi, Zi) < [l;c;(Xs, Zi) is a topological embedding
and it is open if Y; C X; is open for all i € 1.

Proof. For a finite set J C I, we define (X,Y); := [[;c; Xi X [[;ep ;Y and we
define (X, Z); and (Y, Z); similarly. We will first prove the first statement. By the
definition of the restricted product topology, a subset V' C [, ;(Xj,Y;) is open if and
only if for every finite subset J C I, VN (X,Y) s is open in (X,Y) . Thus if V is an
open subset of [[;.;(X;,Y;), then V N (X, Z); is open in (X, Z) s so the inclusion is
continuous.

To show that the map has dense image, we show that V' N [[,.,;(X;, Z;) # 0 for
every nonempty subset V' C [],.;(X;,Y;). Let J C I be such that (X, Z); # (). For
any finite subset J C I such that V N (X,Y); # 0, the set V N (X,Y); contains
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an nonempty open subset [],.; V;, with V; open in X; if i € J, V; open in Y; if
1€ I\ Jand V; =Y for all but finitely many ¢ € I, by basic properties of the product
topology. Let J' C I be the finite subset of 4 € I for which V; # Y; or Y; # (), then
VN (X,Z); # 0 and the map therefore has dense image.

Now we will prove the second statement. The image im(¢) of ¢: [[,c; (Y3, Z;) —
[L;c;(Xi, Z;) with the subspace topology has the finest topology such that every
continuous map A — [[,.;(X;, Z;) with set-theoretic image in im(:) factors con-
tinuously through im(¢). Therefore if ¢ is continuous, then it is an embedding. If
V C Il;er (X4, Z;) is open, then VN (X, Z); is open in (X, Z); for every finite subset
J C I, and since (Y, Z); is a subspace of (X, Z);, VN (Y,Z); is open in (Y, Z);.
Thus the inclusion map is continuous. If furthermore Y; C X; is open for all 7 € I,
then V N [],c;(Xi, Z;) is open, so the inclusion map is an open map. O

Using this construction, we define the ring of adeles.

Definition 1.3.7. Let (K,C) be a PF field and let T be a finite set of places. The
ring of adeles of K prime to T is the topological K-algebra

-Ai': II (K@,Ov»

vEQR\T

For a nonempty open subset B C C the ring of B-integral adeles prime to T is the

topological K-algebra
AL=]Jo.x ] K.
veB vEQK\B

The following proposition will be used in Proposition [3.5.2] to relate adelic Darmon
points to adelic points on the associated root stack.

Proposition 1.3.8. Let (K,C) be a PF field, let T be a finite set of places and
let B C C be an open subset. Then every finitely generated ideal in AL or AL is
principal. In particular, Pic(AL) = Pic(AL) = 0.

Proof. We will prove the statement for AL and note that the statement for AZ
follows analogously. If we have an ideal I = ((av)veq\7s (bv)veq\1), then we
can for every finite place v € Qx> \ T consider t,,s, € O such that v(c,) =
min(v(ay),v(by)), where ¢, = t,a, + 8,b,. Then I = ((cy)yeq,\7) and therefore I
is principal. Thus induction on the number of generators shows that every finitely
generated ideal is principal. By [Stacks, Tag 0B8N], invertible ideals are finitely
generated, hence Pic(AL) = 0. O



2. Pairs and M-points

In this chapter we introduce pairs and M-points and we will illustrate these concepts
with many examples. In Chapter [2] we will introduce the M-approximation and we
prove general results about pairs satisfying this property. In Chapter [3, we continue
the study of M-approximation in the special setting of toric pairs.

2.1 M-points

In this section we introduce M-points, generalizing the notions of integral points and
Campana points. We fix a PF field (K, C) and an open subscheme B C C.

2.1.1 Integral models of pairs
First we define pairs and their integral models.

Definition 2.1.1. Let X be a scheme over a scheme B and let (D, )qc4 be a finite

tuple of closed subschemes on X. Let 9t C NA be a subset satisfying (0,...,0) € M
and such that for all m € 91 the element m’ defined by

o {0 if mg, # 00,

oo if my = oo,

lies in 9.
For such a set we let
M = ((Da)aca, M)

and we call (X, M) a pair over B , M the set of multiplicities, and M the parameter
set. We will call |J,c 4 Do the boundary of (X, M) and denote its complement in X
by U= X\ Upea Da- If A= 10, then we write M = 0 and we say that M is trivial.

The technical condition on 91 is very mild and it will ensure that for any place
v € Qi the M-points over O, lie in the M-points over K,, as we will define in
Definition [2.1.12] This definition generalizes the notion of Campana pairs given in
[Cam1lal Définition 2.1], which we recover if B = SpecC, X is a normal variety, the
D, are Weil divisors and 91 is chosen to encode the Campana condition found in

Definition R.1.19

Remark 2.1.2. Note that the notion of a pair (X, M) is more general than the
notion of an M-curve as studied by Darmon in [Dar97], even when we restrict X to
be a curve. However, an M-curve can be naturally viewed as a pair, as we will see in

Definition B.1.19

19
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In the later chapters on toric varieties, the subschemes D, will be divisors, but
there are advantages to allowing them to be arbitrary closed subschemes, as we will see
later in this chapter. As in the case of Campana orbifolds [Cam05} |Abr09; PSTVAZ21],
the points on the pair are only defined after a choice of an integral model, which we
define as follows.

Definition 2.1.3. Let X be a proper variety over a PF field (K,C). A scheme X
over B is an integral model of X over B if it is proper over B and its generic fiber is
isomorphic to X over K.

Note that we do not require the integral models to be flat over B.

Definition 2.1.4. Given a pair (X, M) with X a proper variety over a PF field
(K, C), an integral model of (X, M) over B is a pair (X, M), where X is an integral
model of X over B and M = ((Dy)aca, ), where for all « € A, D, C X is an
integral model of D, over B. We also say that (X, M) is a pair over B.

Note that we do not require the D, to be flat over B. Given an integral model
over B, we can restrict it to open sets in B as follows.

Definition 2.1.5. Let (X, M) be a pair with integral model (X, M) over B. If
B’ C B is a nonempty open subset, then we define the integral model (X', M) g/ over
B’ as

(XaM)B/ = (X XB B/aMB’)y
where Mp: = ((Dy X5 B )aca, M).

In the literature on Campana points, such as [PSTVA21} [NS24}; [MNS24], there is
a canonical choice of an integral model D, of D, by taking the Zariski closure and
endowing it with the reduced scheme structure. We generalize this construction to
allow D to be nonreduced.

Proposition 2.1.6. Let X be a proper variety over K with integral model X. If
D C X is a closed subscheme over K, then there exists a unique closed subscheme
D¢ C X with generic fiber DS = D such that the inclusion D¢ C X factors through
every closed subscheme D C X with 5;( =D.

Proof. Consider the sheaf of ideals Z on X defined as the kernel of the composition
Oy — Ox — Op of Oxy-algebras. This sheaf defines a closed subscheme D¢ with
D¢ = D. By construction D¢ has the desired universal property. O

We will call D€ the closure of D in X. The next proposition shows that the closure
interacts very well with the structure of Cartier divisors.

Proposition 2.1.7. Let X be a proper variety over a PF field (K,C) with integral
model X over B C C. If D is an irreducible effective Cartier divisor on X with
Dk = D # 0, then D = D°. In particular, if D1,Ds C X are subschemes such
that their closures DS, DS in X are effective Cartier divisors, then (D1 4+ D3)¢ is an
effective Cartier divisor and

Df + D3 = (D1 + Dy)"

as subschemes of X .
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Proof. By construction, D¢ is a closed subscheme of D. Therefore, by [Stacks, Tag
0AGB], there exists a Cartier divisor D’ on X such that D’ C D¢ is an isomorphism
outside codimension 2. Now [Stacks, Tag 020N] implies that there exists a Cartier
divisor D" such that D = D’ + D”. As D is irreducible, we find Dyeq = Di.4 or
D" = (. If we write D’ = D}, and D" = DY, then we see D = D' + D". However,
since D and D’ are isomorphic outside a codimension 2 subset, the codimension of
D" is at least 2 so D" = (), and thus D” = (). This implies D = D’ and therefore
D = D¢. The second part of the proposition now follows from the fact that D{ + D§
is a Cartier divisor with generic fiber Dy + Da, so (Dy + D3)¢ = D§ + D5. O

Using the above construction, an integral model of the variety X induces an inte-
gral model of the pair (X, M):

Definition 2.1.8. Given a pair (X, M) and an integral model X of X over B, the
integral model of (X, M) induced by X is the pair (X, M) over B, where M¢ =
((D&)aca, M).

Note that by spreading out (cf. [Pool7, §3.2]) any proper variety X over K has an
integral model over some nonempty open subscheme B C C. Hence, any pair (X, M)
over K has an integral model over such an open subscheme B C C.

2.1.2 Multiplicities and M-points

Now we will define intersection multiplicities and M-points. As before, we let X be a
proper variety over a PF field (K, C) with integral model X over an open subscheme
B C C. Let v € B be a closed point and let P € X(K,). By the valuative criterion of
properness, P lifts to an unique point P € X(O,). For a closed subscheme D C X we
consider the scheme theoretic intersection P ND, which is defined as the fiber product
of P: Spec O, — X and the closed immersion ip: D — X:

PND —— D

l =

Spec O, P x.

As base change preserves closed immersions it follows that P N'D = Spec(O, /I) for
an ideal I C O,. As O, is a discrete valuation ring, I = (0) or I = (7™) for some
n € N, where 7 is a uniformizer of O,. As in [MNS24| Definition 2.4] we make the
following definition.

Definition 2.1.9. The (local) intersection multiplicity n, (D, P) is defined to be

n if I =(x"),

n(D,P) = {oo it T = (0).

Note in particular that n,(D,P) = co exactly if P C D(O,).

This definition agrees with the classical notion of local intersection multiplicity:
if X is a smooth surface over an algebraically closed field, O, = O¢,, is the local
ring of a point p on a smooth curve C C X and D C X is a Cartier divisor, then
ny(P,D) = (CND), is the local intersection multiplicity of C and D in p as defined
in [Har77, Chapter V] unless C C D in which case n,(D,P) = occ.
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Example 2.1.10. If ¥ =P _and D; is the i-th coordinate hyperplane, then given
an integral point P = (ag : -+ : ap), with a; € O, for all i € {0,...,n} and
v(a;) = 0 for some i € {0,...,n}, the intersection multiplicity is just the valuation
ny(Di, P) = v(ay).

The next proposition shows that the intersection multiplicity respects addition of
Cartier divisors.

Proposition 2.1.11. Let D; and Dy be Cartier divisors on X and let P € X(O,).
Then
Ny (D1 + D2, P) = ny(D1, P) + 1y (D2, P).

Proof. This follows from the equality
P*Ox(—(pl + DQ))OY = P*(Ox(—pl)Ox(—DQ))Oy
=P*O(-D1)0Oy - P*O(—D3)Oy,
of ideal sheaves on Y = Spec O,,, which implies the identity. O

Given a PF field (K, C) and a pair (X, M) over B C C and a finite place v € B,
we define the map

mult, : X(O,) — NA, P+ (ny(Da; P))aca-
We also define, for a field extension L/K, the map
multy,: X (L) — {O,oo}A, P = (n(Da, P))acas

where
0 if P¢ D, (L),

TLL(D()up) = {OO if Pe Da(L)

indicates whether the point P lies in D,. Using these notions we are finally ready to

define M-points.

Definition 2.1.12. Let (K, C) be a PF field, and let (X, M) be a pair over K with
integral model (X, M) over an open subscheme B C C. For a field extension L/K,
we set

(X, M)(L) = (X,M)(L) ={P € X(L) | multy(P) € Mm}.

For a finite place v € B, the set of v-adic M-points on (X, M) is defined as
(X, M)(O,) ={P € X(O,) | mult,(P) € M}. (2.1.1)

If v € Qi \ B, we set
(X, M)(Oy) = (X, M)(Ky).

The set of M-points on (X, M) over B is defined as the subset of X (B) satisfying
Condition (2.1.1)) at every place v € B:

(X, M)(B) ={P € X(B) | mult,(P,) € M for all v € B}.
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Note that (Jgoo(X,M)(B) = (X,M)(K), where the union runs over all
nonempty open subschemes B of C.

Definition 2.1.13. Let (X, M) be a pair over K with integral model (X, M) be a
pair over a scheme B. We define Mg, = M N NA and we define Mg, and Mgy, by
replacing 9 by Mgy, .

The points on (X, Mgy,) are those in (X, M) whose image does not lie in the
boundary (J,c 4 Da-

Remark 2.1.14. If we assume that the subschemes D, are all Cartier divisors on
X, then we can give a different description of (X, M)(B). Namely, if the image of a
morphism P: B — X does not lie in the boundary (J,c 4 Pa, then the intersection
with D, is simply the pullback P N D, = P*D,. So it follows that (X, Mg,)(B)
is the set of points P € X(B) not contained in the boundary, such that there exist
my,...,mg € Mg, and distinet prime divisors 51, o 7ﬁk in B such that

k
P*Da = Z miyaﬁi
i=1

for all a € A.

For many interesting choices of M, the set of multiplicities 91 is an open subset

of NA. For example, this is the case for integral points, Campana points and strict
Darmon points. In this case, the next proposition shows that the property of being a
M-point is open in X (K,).

Proposition 2.1.15. Let X be a proper variety over a PF field (K,C) and let (X, M)
be a pair with integral model (X, M) over B C C. Then the map mult,: X (K,) — N
is continuous for every finite place v € B.

Therefore, if M C N* is an open (or closed) subset, then (X, M)(O,) is an open
(or closed) subset of X (K,).

Proof. Tt suffices to prove n, (D, —): X (K,) — N is continuous for a single subscheme
D, as continuity is equivalent to continuity in all coordinates. Note that for P €
X(0,) = X(K,), the multiplicity n,(D,P) is the largest integer ng such that there
exists a factorisation

D x o, Spec O, /(o)
oy

|

Spec O, /(1) —— X xo, Spec O, /(70),

where the horizontal and vertical homomorphisms are induced by P and by the inclu-
sion morphism ip: D — X, respectively. In particular, if two points P, P’ € X(O,)
have the same reduction modulo (7) for some integer n, either

ny,(D,P) =n,(D,P') <n
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or
min{nv (D7 P)7 Ty (Da Pl)} 2 n.

Since the collection of open sets of the form
U(P,n) ={P" € X(O,) | P mod 7)) =P mod 7] € X(O,/7}})},

P € X(K,) and n € N, forms a basis for the topology on X(O,), it follows that
ny,(D, —) is indeed continuous. Thus mult, is a continuous map. O

2.1.3 M-points over other schemes

The definition of M-points over PF fields has a natural generalization to arbitrary
schemes, which we will give in this section. We will use this generalization in Chapter
[ to define rational connectedness of a pair (X, M) over a field, for which we consider
M-points on X over the projective line P!. Let X and Y be schemes over a base
scheme S and let P: Y — X be a morphism over S. For every prime Cartier divisor
v on Y and any closed subscheme D C X we can define an analogue n, (D, P) of
the local intersection multiplicity as given in Definition by considering the fiber
product PN D := Spec(O,) xx D, where O, is the local ring of Y along v, and the
morphism Spec(O,) — X is induced by the natural morphism Spec(O,) — Y. Since
O, is a discrete valuation ring, P N D = Spec O, or PN D = Spec(O, /I™), where T
is the maximal ideal of O, and n € N.

Definition 2.1.16. The local intersection multiplicity n, (D, P) is defined to be

_n if I =(n"),
(D, P) = {oo if I =(0).

For any pair (X, M), we use this to define a multiplicity map
mult, : Hom(Y, X) — NA,

given by P — (ny(Da, P))aca, extending the definition of the multiplicity map given
in Section 2.1.2]

Definition 2.1.17. Let (X, M) be a pair over a scheme S and let Y be a scheme
over S which is Noetherian, connected and regular. Assume furthermore that Y is
not the spectrum of a field. Then a S-morphism P: Y — X is an M-point over Y
if mult, (P) € 9 for all prime divisors v on Y. We denote the set of M-points over
Y by (X, M)(Y). If Y = Spec R for some ring R, then we also write (X, M)(R) :=
(X, M)(Y).

Note that when (K, C) is a PF field, S = B for some open subscheme B C C' and
Y = Bor Y = SpecO, for a finite place v € B, then this definition agrees with the
original description given in Definition [2.1.12

The assumption that Y is Noetherian and regular ensures that every divisor on
Y is a sum of prime Cartier divisors by [Stacks, Tag 0BCP]. The reason why we do
not allow Y to be the spectrum of a field in this definition is that such schemes do
not have any prime divisors. For fields, we define M-points in the same way we did

in Definition 2.1.12]
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Remark 2.1.18. If we additionally assume that the set 915, is a monoid with topo-
logical closure 9t and that the subschemes D, are Cartier divisors, then the assign-
ment

Y — (X, M)(Y)

is a functor (X, M) from the category of connected and regular Noetherian schemes
over S to the category of sets. This follows from the following observation: if f: Y' —
Y is a morphism of such schemes over S and P: Y — X is a morphism over S, then
for every prime divisor v’ on Y’, we have

mult, (P o f) = Z ¢, mult, (P),

v prime divisor on Y

for ¢, € N. Here ¢, is the multiplicity of v in the pullback of v to Y if f(Y') ¢ v
and ¢, = oo otherwise.

2.1.4 Examples of M-points

Let X be a proper variety over a PF field (K,C) with a finite collection of closed
subschemes (Dy)qeca. Fix an integral model X of X over B C C and set D, = D5,
By choosing different subsets 99t C NA, we can construct many different pairs (X, M).
We consider some choices, and afterwards we describe M-points on projective space
for these choices. We write U = X \ Upeq Do and U = X\ U,c 4 Do for the
complement of the boundary.

1. If 9 = {(0,...,0)}, then the M-points over B are the integral points on U:
(X, M)(B) =U(B) and (X, M)(K) = U(K).

More generally, if B C A and M = {m € N* | mq =0
the M-points over B are the integral points on X'\ J,cp DPa:
)

(X \Uaep Pa)(B) and (X, M)(K) = (X \ Upep Do) (K).-

2. If M = NA, then the set of M-points is the entire set of rational points:
(X, M)(B) = (X,M)(K) = X(K). If on the other hand 9% = N4, then the
set consists of only the points not contained in the boundary: (X, M)(B) =
(X, M)(K) = U(K).

3. If M = {0,1}#4, then (X, M)(B) is the set of points on X over B that intersect
all D, transversally. As we will see, we can think of these points as a sort of
“squarefree” points. We again have (X, M)(K) = U(K).

4. If
Mm = U{WENAMUO/ =0Vd' # a},
acA
then (X, M)(B) is the set of points on X over B which do not meet any inter-

section D, NDy for o, € A, o # o, while (X, M)(K) consists of the rational
points not contained in any of of the intersections D, N D/
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For the following examples we assume that the closed subschemes D, and D,
are prime Weil divisors, and D, # Dy if a # o/. Consider a vector of mul-
tiplicities m = (mgq)aca, where m, € N* U {oo} and define the Q-Weil divisor

Dm = ZaeA (1 - L) D., where we set é =0.

Me
Definition 2.1.19. For X and Dy, as above, we define special points as follows.

e Campana points on (X,Dp) over B are the M-points over B for the pair

(X, M), where O is the collection of w € N* such that for all @ € A we
have

1. w, =0 if m, = oo and

2. wq = 0 or wy, > My if mgy, # 0.

o Weak Campana points on (X, Dp,) over B are the M-points over B for (X, M),
where 91 is the collection of all w such that

1. w, = 0 if m, = oo and

2. either w, =0 for all « € A or

S P

m
acA @
mea#1

e Strict Darmon points on (X,Dm) over B are the M-points where 9t is the
collection of w € N for which mq |wg, for all @ € A. Here we use the convention

that the only integer divisible by oo is 0. If we take the closure of 1 in NA then
we obtain the Darmon points on (X, Dy) over B.

Note that if m, = oo for all @ € A, then all of the sets of M-points in Definition
reduce to the set of integral points on U.

Notation 2.1.20. We will sometimes refer to pairs (X,Dy,) and pairs
(X D aeA (1 - m%x) Da) as Campana pairs, to distinguish them from the pairs con-
sidered in this thesis.

Note that all examples given in this section satisfy the property that 91 is an open
subset of NA, except for the set 97 encoding the multiplicities for the Darmon points.
This follows from the fact that N C N is an open subspace with the discrete topology
and if U C N contains oo, then U is open if and only if it contains all integers greater
than a fixed integer Ny. The set of multiplicities is also closed for the other examples
except for the strict Darmon points, the integral points on U/ and the rational points
on U.

If we additionally assume that X is smooth, X is flat over B and the D, are
Cartier divisors, then (weak) Campana points and Darmon points agree with their
definition as given in [MNS24]. If > 4 D, is furthermore a strict normal crossings
divisor, X is geometrically integral and X is regular, then the (weak) Campana points
agree with the definition given in [PSTVA21].
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Remark 2.1.21. In [MNS24] strong Campana points and strong Darmon points
are defined, of which the former were called Campana points in [NS24} [Str22]. The
set of strong Campana points and the set of strong Darmon points are generally not
examples of sets of M-points if the divisors D,, are not geometrically integral, as those
points are defined using the intersection multiplicities of the irreducible components of
Do.0,. However, if the D, are geometrically integral then strong Campana points and
strong Darmon points coincide with Campana points and Darmon points, respectively.

Remark 2.1.22. Consider a positive integer m and a prime Cartier divisor D on
a smooth proper variety X extending to a prime Cartier divisor D on an integral
model X. Then the Campana points and weak Campana points on (X, (1 — +)D)
coincide and agree with the weak Campana points as defined in [Str22], even if D is
not geometrically irreducible.

M-points on projective space

To further illustrate the examples given above, we fix K’ = Q, B = SpecZ and X = Pg
with integral model X = P}. Fix A = {0,...,n}. For i € {1,...,n}, we define D;
to be the coordinate hyperplane {z; = 0} and let D; be the Zariski closure of D;
in X. Then for a point P = (ag : -+ : ap) with a; € Z for all i € {1,...,n} and
ged(ao, - - -, an) = 1, the identity n,(D;, P) = vp(a;) holds for every prime number p.

In particular, given a set 2t C N 2 Nn+17 we see that (P", M)(Z) is equal to
{(ag : -+ :an) € PYZ) | (vp(ag),...,vp(a,)) € M for all prime numbers p}.

So in particular:
o If M ={0,1}"*!, then

P, MNZ)={(ag: - :ay) € PYZ) | ao,-..,a, squarefree}.

If M= U?:o{w € Nn—H | w; = 0Vj # i}, then

(P* M)Z) ={(ap: - :an) € P(Z) | ged(a;,a;) = 1Vi,j, i # j}.
e The set of Campana points for the multiplicities mg, ..., m, is
(P, M)Z)={(ag: - :an) € PYZ) | a; is m;-full}.

Here we recall that for an integer m > 1, we say that an integer n is m-full if
p|n implies p™|n for every prime number p. Furthermore, we define —1 and 1 to
be the only oco-full numbers. Additionally, we will cal 2-full numbers squareful.

e The set of Darmon points for the multiplicities myg, ..., m, is

(PP MNZ)={(ag: " :an) €PYZ)| |ai| is an m;-th power}.

M= {weN"" | w <w,ifi<j}, then

(P, M)(Z) ={(ap:---:an) € P(Z) | a; divides a; if i < j}.
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Remark 2.1.23. The above descriptions easily generalize to the case where B =
Spec R for a principal ideal domain R. If on the other hand R is not a principal ideal
domain, then more care is needed since then it is not possible to write every rational
point P as P = (ag : - - - : ay) such that there is an equality (ao, .. .,a,) = R as ideals.
For example, if R = Z[\/=5], then the rational point (2 : 1 + v/=5) € P}Q(v/=5))
cannot be written in such a form.

For smooth split toric varieties with D, the torus-invariant prime divisors, we will
see that we have a very similar concrete description for M-points, see Remark

2.1.5 Equivalence of pairs

In the remainder of this chapter and all of Chapter 3] X is a variety over a PF field
(K,C), (X, M) is a pair and B C C is an open subscheme, unless specified otherwise.
It is clear from the definition of M-points that some pairs (X, M), (X, M’) have the
same set of points or one is contained in the other for geometric reasons. Therefore
we introduce the following definition.

Definition 2.1.24. Let (X, M) and (X, M’) be pairs with integral models (X, M)
and (X', M’) over B. Then we say that (X, M) is equivalent to (X', M) if

(X, M)(O,) = (X', M')(O,) as subsets of X(K,)

for all places v € B. If X = X’ we simply say that M is equivalent to M’. Similarly
we write (X, M) C (X', M') if

(X, M)(0,) C (X', M')(O,) as subsets of X (K,)

for all places v € Q. If X = X’ we simply write M C M’.

If there exists a nonempty open subset B C C and equivalent integral models
(X, M) and (X', M’) over B, then we say that M is equivalent to M’. Similarly if
there exists a nonempty open subset B C C and integral models (X, M) C (X', M),
then we write M C M'.

The next proposition implies that any two integral models (X, M) and (X, M)
of (X, M) over B become equivalent over some nonempty open subset B’ C B.

Proposition 2.1.25. Let (X, M) be a pair with integral models (X, M) and (X', M’)
over B. Then there is a nonempty open subset B’ C B such that there is an isomor-
phism f: Xp: — Xp, such that Do, g maps isomorphically to Dy, p, for alla € A. In
particular, (X, M) g is equivalent to (X', M) p/.

Proof. As we can restrict to an open subset of B, we can without loss of generality
assume that X and X’ are flat over B. The proof works via spreading out, and is
analogous to [Pool7, Theorem 3.2.1(iii)]. Here we use the fact that X and X’ are
finitely presented over B and therefore D, and D, are as well. [Pool7, Theorem
3.2.1(iii)] implies that the identity idx lifts to a morphism f: Xp» — Xj, and a
morphism g: X5, — Xp/. By the same reasoning, we can take B’ C B a small enough
open such that, for all @ € A, we have f(Da,p') C D,, p, and g(D;, p/) C Da,pr as
schemes. As go f: Xpr — Xp and fog: Xj — X, restrict to the identity on X,
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it follows from |[EGA4] Théoreme 8.10.5(i)] that there exists a nonempty open subset
B"” C B’ such that fg» and gg~ are isomorphisms and are inverses of each other and
therefore also identify D, g~ and D;’ g~ under the isomorphism. O

It can sometimes be convenient to remove the elements in 9 which correspond
to empty intersections of the boundary components D, in X, which is why we make
the following definition.

Definition 2.1.26. Let (X, M) be a pair. Consider the subset 9M,.q C M defined by
Myed = {m € M | Ny 20Da # 0}.

We write Miea = ((Da)aca, Mied). I M = Mg, then we call M reduced.

Proposition 2.1.27. If (X, M) is a pair, then M and Meq are equivalent.

Proof. Let X be an integral model of X over an open subset B C C. Then for all
subsets V C A with Nyey Do = 0, there exists a nonempty open subset By C B such
that Naev Dy, g, = 0. The intersection B’ = NBy over all such V' is a nonempty
open subset of B, since A is finite. In particular, we see that for any integral model

(X, M) of (X, M) over B, (X, M)p is equivalent to (X, M,eq)p’- O

Example 2.1.28. To illustrate the difference between M and M,eq, we take X = }P’}Q,
with integral model X = P} and consider the disjoint divisors D; = {X, = 0} and
Dy ={Xp—2X; =0} on I% defined by the homogeneous ideals (Xj) and (X —2X7).
Then D§ and D§ are the divisors defined by the same ideals and D N Dj is the sub-
scheme defined by the homogeneous ideal (2X7, X). Note that (2X7, Xy) and (2, Xj)
define the same subscheme of P} since X and X; cannot vanish simultaneously. We
define

M = (D1, D), N),

M,eq = ((D1, D), {0} x NUN x {0}).

Then (X, M°)(Z) = P*(Q), while
(X, (Med))NZ) = {(z : y) € PHQ) | z,y € Z, ged(x,y) = 1, = odd}

since D§ xz SpecFy = DS xz SpecFy = {Xp = 0} C ]P’]}Z, where Fo is the field
with two elements. However, if we invert 2, then the two pairs become equivalent:

(X, M) (Z[3]) = (X, (Mrea))(Z]3]) = PH(Q).

Example 2.1.29. Let X be a curve with disjoint divisors D, and multiplicities
me € N* U {0} for a € A, and consider the pairs (X, M) and (X, M’) associated to
Campana points and weak Campana points on (X, Dy, ) as in Deﬁnition Then
by Proposition the pairs (X, M) and (X, M’) are equivalent as M/ 4 = Meq.
In particular, for every choice of integral models (X, M) and (X, M) there exists an
open subset B C C such that (¥, M)(B’) = (X, M’)(B’) whenever B’ C B is an
open subset.
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2.1.6 Inverse image of a pair

If we have a pair (X, M) and a morphism f: Y — X, we often want to to pull back
the structure on X to Y to get a pair (Y, f~'M) such that, given a lift f: Y — X
between integral models, there is an equality

FHE,M)(B) = (W, fIM)(B)
of subsets of Y(B).

Definition 2.1.30. Let f: Y — X be a morphism of schemes over a scheme B and
let (X, M) be a pair over B. We define the inverse image of (X, M) under f to be
the pair (Y, f~*M), where

f_lM = ((f_lpa)a€A7m)a
and f~1D, := Dy xx V.

Proposition 2.1.31. Let (K,C) be a PF field, let (X, M) be a pair over B and let
f:Y — X be a morphism of schemes over an open subscheme B C C, where Y is an
integral model over B of a variety Y over K. Then for all closed points v € B,

YV, fTIM)(O,) = {P € Y(K,) | f(P) € (X, M)(O,)},
and therefore
DV, fTIM)(B) = {P € Y(K) | f(P) € (X, M)(B)}.

Proof. Let v € Qk, let P, € Y(O,) and let @ € A. Since every square in the diagram

P,Nf'Dy — f'D, — D,

| | |

Spec O, L y X

is Cartesian, the fiber product of f o P, and D, — X is the the same as the fiber
product of P, and f~'D, — X. Therefore, n,(Dy, f 0 Py) = ny(f1Dq,Py), and
thus the desired equalities hold. O

Note that taking the induced integral model does not need to commute with taking
the inverse image since we can have

D, (fFTIM)NB) © (Y, F7HM)(B),
as the next example shows.

Example 2.1.32. Let K = k(t), for k a field, and let X =Y =PL, f = idx and
D = {(0: 1)} € X. Choose the integral model X = Pi x; Ai of X over A}, let
P =((0:1),0) € X, and let Y = Blp X be the blowup of X in P. Then ) is an
integral model of Y and f lifts to the blowup morphism f: Y — X. Furthermore
(f~'D)¢ is the strict transform of D¢, which is strictly contained in the inverse image:
fUDe) = (f~'D)c U f~Y(P). If we restrict the models to the open subset B =
Gy, C AL, this discrepancy disappears and we find that Xp = V.
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Note that if f: Y — X is a dominant map of integral varieties and the closed
subschemes D,, are Cartier divisors, the schemes f~!D,, are Cartier divisors [Stacks,
Tag 0200], but usually not prime divisors. It can be convenient to have a pair
equivalent to (Y, f~1M) where the chosen closed subschemes are prime divisors, so
we introduce the following notion.

Definition 2.1.33. Let f: Y — X be a morphism of schemes over a scheme B and
let (X, M) be a pair over B. Assume furthermore that f~!D, is a sum of prime
Cartier divisors for all a € A. Then we define the pullback of (X, M) under f to be
the pair (Y, f*M), where f*M = ({55}5€B,f*9ﬁ). The 255 are the prime divisors
on Y contained in f~'D, for some a € A, without repetitions. We define

~B
frm=quw eN | [ > e puwp €My,
peB acA

where the ¢, g are given by

fﬁl'Da = Z Caﬁﬁg.

BeB

Note that this definition is unique up to changing the indexing on the divisors ’15@.
As a consequence of Proposition [2.1.11} (), f* M) is equivalent to (Y, f ' M).

2.2 Adelic M-points and M-approximation

2.2.1 Adelic M-points

In this section we introduce adelic M-points and integral adelic M-points. Recall
from Section that the adele ring of a PF field (K, C) prime to a finite set of
places T' C Q is the restricted product

AT = H (Kvaov)a
vEQR\T

which is given the structure of a topological K-algebra as in Definition Using
the restricted product, we generalize the notion of adelic points on a variety X to
adelic M-points on a pair (X, M).

Definition 2.2.1. Let (K,C) be a PF field, let T C Qx be a finite sets of places,
and let B C C be an open subscheme. Let (X, M) be a pair over (K, C)) with integral
model (X', M) over B. We define the space of integral adelic M-points over B prime
to T to be the product

@ Mm@ah = I & Mm©.)
vEQR\T

with the product topology. The space of adelic M -points over B prime to T is defined
as the restricted product

(XvM)(A;{) = H ((XaM)(Kv)’(X7M)(OU))
vEQK\T
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In Section we will generalize these notions further in order to compare them to
the adelic points considered in [MNS24]. While the space of integral adelic M-points
depends on the choice of an integral model, even as a set, the space of adelic M-points
does not depend on such a choice.

Proposition 2.2.2. If (X, M) is a pair over (K, C) with integral models (X, M) and
(X', M) over BC C, and T C Qk is a finite set of places, then there is a canonical
homeomorphism

I[I &My, (X, M)(0)) = ] ( Ky), (X, M')(Oy)).

vEQR\T UGQK\T

Proof. By Proposition [2.1.25|there exists a nonempty open B’ C B over which (X, M)
and (X', M') are equivalent. Denote by S’ the set of places in B\ (B’ UT). By the
properties of the restricted product as recalled in Section [1.3.5

I «x Mm)yx), (x, M)(0,))

vEQR\T

= [[(x M) K)x [ (X M)(K), (X, M)(O,))

veS’ vEQK\(TUS")

= T (M. (¥, M)(0,) 0
vEQR\T

In particular, (X, M)(AZL) is well-defined for any pair (X, M), because every pair
has an integral model.

Example 2.2.3. If 9 = N4, then

(X, M)(AR) = (X, M)(A%) = ][] UK

veEQR\T
where U = X \ U,cq D

Example 2.2.4. If M = {(0,...,0)}, then the space of integral adelic points on U
(defined in [LS16| page 2] as S-adelic points) is the space of integral adelic M-points

on X:
UAT) =X M)A =[] u©,)x [] UK
vEQK\SUT veS\T

where we write S = Qg \ B, U = X\ U,c4 Do and U = X'\ |J,c 4 Pa- The space of
adelic points on U as in [LS16| page 2] is the space of adelic M-points:

UAR) = (X, M)(AL) = [[ UEK)Uu©0,)) x [[ UK)
vEQK\SUT veS\T

Integral adelic M-points also generalize the notion of adelic Campana points given
in [PSTVA21; INS24]: if M encodes the Campana condition for a divisor Dy, as in
Definition [2.1.19] then we have an equality of topological spaces

(X, M)(AL) = (X, Dum)(A),
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where the right hand side is defined as in [PSTVA21], Section 3.2] and [NS24} Definition
2.4].

Given inclusions (X,M) C (X,M’), the natural injection (X,M)(A%L) —
(X, M")(AL) is continuous but it need not be a topological embedding. This is
because generally the restricted product topology is strictly finer than the subspace
topology on the product. This map does have dense image, as the next proposition
shows.

Proposition 2.2.5. Let (X, M) C (X, M’) be pairs over (K,C) and let (X, M) be
an integral model of the former pair over an open subscheme B C C, and let T C Qp
be a finite set of places. Then:

1. The natural inclusion (X, M)(AL) — (X, M')(AL) is continuous. Further-
more, it has dense image if for all v € Qg \ T, the subset (X, M)(K,) C
(X, M')(K,) is dense and (X, M)(AL) # 0. The former assumption is au-
tomatic if X is smooth and none of the D, contain irreducible components of
X.

2. The natural inclusion (X, M)(AL) < (X, M)(AL) is a topological embedding.
Furthermore, if (X, M)(O,) C (X, M)(K,) is open for all v € B, then the
inclusion is an open embedding.

Proof. These statements follow from general properties of restricted products and are
a special case of Proposition If X is connected and none of the D, contain
irreducible components of X, then (X, Mg,)(K,) C X(K,) is dense by Proposition
[2:236] proved below. O

Proposition 2.2.6. Let X be a connected smooth variety over a PF field (K,C) and
let U C X be a nonempty open subset. Then U(K,) C X(K,) is dense for all places
v € Q. Therefore any nonempty analytic open V C X(K,) is Zariski dense.

Proof. Consider the complement Z = X \ U. Since X is smooth, |[Conl2, Lemma
5.3] allows us to reduce to the case when X = A% and Z is contained in the zero
locus of a single nonzero polynomial P. If X (K,) = K contained a nonempty open
V such that V C Z(K,), then P vanishes identically on V. For any point u € V
and a line L C K through z, P vanishes identically on L since L NV is infinite and
any nonzero univariate polynomial only has finitely many zeroes. Since for any two
points in K’ there exists a line through these points, this implies that P vanishes on
K7 and therefore it is the zero polynomial, which is a contradiction. Thus Z(K,)
contains no nonempty open sets in X (K,), so U(K,) C X(K,) is dense.

Suppose X is connected and V' C X(K,) is an analytic open. By the previous
part, V' cannot lie in a proper closed subscheme of X, and therefore V' is Zariski dense
in X. O

Example 2.2.7. If M Cc M’, then Propositionimplies that the natural inclusion
(X, M)(AL) — (X, M'")(AL) has dense image. The analogous statement for integral
adelic M-points is not always true, however. Consider X =P}, M = ((1:0),{0}) and
M'" = ((1:0),{0,00}). Then the set of points in (X, M)(Z,) ={(a:1)|a € Z,} is
a closed subset of PL(Z,) which is strictly smaller than (X, M')(Z,) ={(a:1) |a €

Z,} U{(1: 0)}.
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2.2.2 M-approximation

We now generalize the notion of strong approximation to M-points.

Definition 2.2.8. Let (K, C) be a PF-field, let T' C Qx be a finite set of places, let
(X, M) be a pair over (K, C) with integral model (X, M) over B C C. Then we say
that (X, M) satisfies integral M-approzimation off T if

(X, M)(B) = (¥, M)(AL)
has dense image, and we say that (X, M) satisfies M -approzimation off T if
(X, M)(K) = (X, M)(A%)

has dense image. We say that (X, M) satisfies M-approximation if it satisfies M-
approximation off T' = (.

Note that these notions only depend on the equivalence classes of (X, M) and
(X, M).

If we take (X, M) to encode the integrality condition of an open subset U C X,
then we recover strong approximation as in [Pool7, §2.6.4.5].

Definition 2.2.9. The open subset U C X satisfies strong approzximation off T if
(X, M) satisfies M-approximation off T with 9 = {(0,...,0)}, where U = X \
Uaea Da- Explicitly this says that

U(K) = U(AK)

has dense image. If M = 0, then we also say that X = U satisfies weak approxrimation

off T.

Example 2.2.10. If M is the Campana condition for Dy, as defined in Definition
2.1.19) then integral M-approximation for (X, M) coincides with weak Campana
approximation for (X, Dy,) as studied in [NS24].

Now we will relate the different notions of approximation to each other. The
next proposition shows that integral M-approximation is equivalent to integral Mgy~
approximation, provided that the M-points in the boundary lie in the closure of the
set of Mg,-points.

Proposition 2.2.11. Let T C Qi be a finite set of places, let (X, M) be a pair over
(K, C) with integral model (X, M) over B C C.

1. If (X, M) satisfies M-approzimation off T, then (X, Man) satisfies Mgy-
approzimation off T. If for every place v € Qi \ T, the subset (X, Mgy )(K,) C
(X, M)(K,) is dense, then the converse also holds.

2. If (X, M) satisfies integral M-approzimation off T, then (X, Mgy,) satis-
fies Mgn-approzimation off T. If for every place v € Qg \ T, the subset
(X, Mn)(O,) C (X, M)(O,) is dense, then the converse also holds.
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Proof. The first statement follows from the fact that for any place v € Qg \ T,
(X, Msn)(K,) is open in (X, M)(K,). The converse statement follows from the fact
that (X, Ma,)(AL) — (X, M)(AL) has dense image by Proposition Now we
prove the statements for integral M-approximation. Assume that (X, M) satisfies
integral M-approximation off T. Then in particular, for any place v € Qi \ T,
(X, Mg,)(B) is dense in (X, Mgp)(O,) x (X,M)(AEU{U}), since (X, Mgn)(O,) is
open in (X, M)(O,) by Proposition m Therefore every open [[,cq, 7 Us C

(X,Mﬁn)(Agu{U}) contains an element in (X, Mgy,)(B), so (X, Mgy) satisfies inte-
gral Mgn-approximation off T'. If (X, Mgn)(O,) is a dense subset of (X, M)(0O,) for
all v € Qg \ T, then the inclusion map (X, Mg,)(AL) — (X, M)(AL) has dense im-
age. Therefore, if (X, Mg, ) satisfies integral Mg,-approximation off 7', then (X, M)
satisfies integral M-approximation off T'. O

Using the Proposition [2.2.11] we are able to relate integral M-approximation and
M-approximation.

Proposition 2.2.12. Let (X, M) be a pair over (K, C) with an integral model (X, M)
over B C C. LetT C Qg \B be a set of places disjoint from the points of B. If (X, M)
satisfies M -approzimation off T, then (X, Mgy) satisfies integral Mgy, -approximation
off T.

Proof. By Proposition (X, Mg, ) satisfies Mgp,-approximation off T. By Propo-
sition the inclusion (X, Mg,)(AL) — (X, Mg,)(AL) is an open embedding,
and (X, Mg,)(K) N (X, Mgn)(AL) = (X, Mgyn)(B). Since (X, Mgy,)(K) is dense in
(X, Mgn)(AL), (X, Mgn)(B) is dense in (X, Mgy, )(AL) as the intersection of a dense
set with an open subset is dense in the open subset. O

The following proposition is an analog of [MNS24 Proposition 3.22] (and a gen-
eralization of [NS24, Lemma 2.8]). It is a partial converse to Proposition and
that states if integral M-approximation on (X, M) is preserved under restricting the
base B, then (X, M) satisfies M-approximation.

Proposition 2.2.13. Let (X, M) be a pair over (K,C) with integral model (X, M)
over B C C and letT C Qg be a finite set of places. If for every nonempty open sub-
scheme B’ C B, (X, M)p: satisfies integral M p:-approzimation off T, then (X, M)
satisfies M -approximation off T. If furthermore, I C NA is open, then the converse
also holds.

Proof. We first assume that (X, M) satisfies integral M g/-approximation off T" for
all B’ C B. Note that every P € (X, M)(AL) lies in the subspace (X, M)p (AZL))
for some B’ C B. Thus since every open neighbourhood of P in (X, M)p/(AL,) has
nonempty intersection with (X, M)p:(B’), the same holds for any open neighbour-
hood of P in (X, M)(AZL). Hence (X, M) satisfies M-approximation off 7.

In the other direction, note that if 9 C N s open, then (X, M)(O,) C
(X, M)(K,) is open by Proposition Therefore, by Proposition
(X, M)p/(AL,) is open in (X,M)(AL) so (X,M)(K) n (X,M)p(AL)
(X, M)p/(B’) is dense in (X, M)p (AL)).

oo
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Using the concept of an inverse image of a pair introduced in Definition [2.1.30
we can use birational morphisms, such as a resolution of singularities, to understand
M-approximation.

Proposition 2.2.14. Let (K,C) be a PF field, let T C Qg be a finite set of places
and let f: Y — X be a birational morphism of proper integral K -varieties, where Y
is smooth over K. Suppose that the induced map Y (K,) — X (K,) is surjective for
all places v € Qi \T. Then any pair (X, M) satisfies M -approxzimation off T if and
only if (Y, f~1M) satisfies f~*M-approzimation off T.

If B C C is an open subscheme and f:Y — X spreads out to a morphism f: Y —
X of integral models, then any pair (X, M) satisfies integral M-approzimation off T
if and only if (Y, f =1 M) satisfies integral f~! M-approximation off T.

Proof. By the assumption, it follows that the induced map (Y, f 'M)(AL) —
(X, M)(AL) is surjective by Proposition Therefore, if (Y, f~1M) satisfies
f~ 1 M-approximation, then (X, M) satisfies M-approximation. In the other direction,
if V C Y is the locus over which f is an isomorphism, then f~((X, M)(K)) NV (K)
is dense in (Y, f~1M)(AL)N [Toca\r V(EKy). Since Y is smooth, V/(K,) is dense in
Y (K,) by Proposition so f7H((X, M)(K))NV(K) is dense in (Y, f~1M)(AL)
for every place v € Qg \ T O

Remark 2.2.15. The surjectivity condition in Proposition is referred to as
“arithmetic surjectivity” in the literature, see [LSS20].

2.2.3 Integral M-approximation and the M-Hilbert property

Now we will explore the relationship between integral M-approximation, the M-
Hilbert property and Zariski density. This is an extension of the classical theory of
the Hilbert property and weak approximation as presented in [Ser08, Chapter 3|, and
of the Campana version introduced in [NS24].

Definition 2.2.16. Let X be an integral variety over K and let A C X (K). We say
that A is of type I if A C Z(K) for some proper closed subset Z of X.
We say that A is of type II if there is an integral variety Y with dimY = dim X
and a generically finite morphism f: Y — X of degree > 2 such that A C f(Y(K)).
We say that A is thin if it is a finite union of sets of type I and II.

Remark 2.2.17. We do not assume that the morphisms in Definition [2.2.16] are
separable, unlike the definitions given in [BFP14; Lug22]. In particular, thin sets
as considered in those articles are thin sets as defined here, but not vice versa. For
example, if k is a perfect field of characteristic p > 0, then k(t?) C Al(k(t)) is a
thin set in the terminology of this thesis, but not according to the notion in [BFP14;
Lug22|.

Definition 2.2.18. Let (X, M) be an integral model over B of a pair (X, M). We
say that (X, M) satisfies the M-Hilbert property over B if (X, M)(B) is not thin as
a subset of X (K).

Note that every PF field K is Hilbertian (see for example [FJ05, Chapter 13]) and
imperfect if it is of positive characteristic, so by [FJ05, Proposition 12.4.3], Al(K) is
an example of a set which is not thin.
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In order to relate the M-Hilbert property to integral M-approximation over global
function fields as we do in Theorem we need the following lemma.

Lemma 2.2.19. Let k be a field of positive characteristic and let f: Y — X be an
inseparable generically finite morphism of integral varieties over k((t)), where X is
smooth over k((t)). Then the image of the induced map Y (k((t)) — X (k((t) is a
nowhere dense subset of X (k((t))), where the topologies are induced by the topology on

k((#)-

Proof. The proof is based on the observation that k((t)) — k() given by z — P
has nowhere dense image in k((t)), where p = char(k). This is because the image is
contained in the closed set ﬂiEZ,pJ(i C;, where Cj is the set of Laurent polynomials with
vanishing i-th coeflicient. Since every nonempty open set contains elements outside
of this closed set, the image is nowhere dense in k((t)).

First we show it suffices to prove the statement for an open subvariety U C X.
Since X is smooth, by [BLR90, §2.2, Proposition 11] it is covered by open subvarieties
U C X such that there exists étale morphism U — Ai(( ~ where d is the dimension
of X. By [Conl2, Lemma 5.3] the induced map U (k((t))) — AZ((t))(k((t))) is a local
homeomorphism. Since for a closed subvariety V' C AZ((t)), the subset V(k((t)) C
AZ(( ) (k((t))) is nowhere dense, it follows that for any proper closed subvariety V C X,
the subset V(k((t))) € X (k((¢))) is nowhere dense. Therefore it suffices to prove the
statement for some nonempty open subvariety U C X.

For a generically finite dominant morphism f: Y — X of integral varieties, we
can factor the extension K (Y)/K(X) as a separable extension L/K(X) followed by
a totally inseparable extension K (Y)/L, see |Stacks, Tag 030K]. This corresponds
to factoring the morphism into rational maps YV --» Z --» X, where Z --+ X is
separable and Y --» Z is totally inseparable. We can assume that Z is not geomet-
rically integral, as otherwise [Stacks, Tag 0CDW] implies that Z(k((t))) is not Zariski
dense in Z. Since we can restrict X to a nonempty open U, without loss of gener-
ality, we can assume that the maps are morphisms and Z — X is étale. Therefore,
by [Conl2, Lemma 5.3] we can without loss of generality assume that f: Y — X is
purely inseparable of degree equal to p := char(k).

Choose a separable generically finite rational map X --» AZ((t))' Then the field
extension k((t))(z1,...,2q4) C k(t))(Y) induced by this rational map has inseparable
degree p. There are only finitely many fields in k((¢))(Y) containing k((¢))(z1, ..., zq).
Indeed, by Galois theory there are only finitely many separable extensions L of
E(t)(z1,...,2zq) in k(2)(Y). Furthermore, for any such a field extension L, there is
at most a single nontrivial purely inseparable extension L'/L in k((t))(Y"), since given
another such extension L” the compositum L” L’/ L is purely inseparable and therefore
has degree p, by multiplicativity of inseparable degrees [Stacks, Tag 09HK]. The prim-
itive element theorem [Stacks, Tag 030N] implies that k((¢))(x1,...,zq) C k(t)(Y)
is a simple extension. Therefore for some nonzero polynomial g € k(¢))[y, z1, .. ., Z4)
which is separable in vy,

k((t))(Y) = k((t))(xh s xd)[z]/(g(zpvxh e »xd))ﬂ

where the p-th power is present since the extension is not separable. The separable



38 2. Pairs and M-points

closure of k((t)) in this field is

k(@) (X) = k(@) (@1, .., za) ¥/ (9(y, 21, - .., 2a))-

In order to reduce the argument to the power map x — xP, we construct separable
dominant maps Y --» Ai oy and X --» Ag @) If %gd is not the zero polynomial,
then the Jacobi criterion implies that the projections to affine space corresponding to

the inclusions
k() (y, 21, - - - za—1) CR(#)(X)

and
k() (2,21, za—1) Ck(E)(Y)

are separable. If —% Tos is the zero polynomial, we can reduce to the case that —< is not
identically zero, by using the fact that g is separable in y and by using hnear change
of variables replacing y with y + x4.

Therefore, we get a Cartesian diagram of dominant rational maps

d
Yoo A
A"
X oo Ay

where the horizontal maps are separable, and the map h is the p-th power map in the
first coordinate and the identity in the other coordinates. Since we can without loss
of generality restrict X to an open subset U, we can assume that the horizontal maps
are étale morphisms. Since the image of Az((t))(k((t))) — Ag((t))(k(( ) is a nowhere
dense subset, applying |Conl2, Lemma 5.3] once more to the horizontal maps shows
that the image of Y (k((t))) in X (k((¢))) is nowhere dense. O

Now we will prove Theorem which we will prove separately for global fields
and for function fields over infinite fields.

Proof of Theorem[I.1.1 for global fields. First we prove the statements for global
fields. This part of the proof is based on [NS24, Theorem 1.1, Remark 2.12], and
generalizes it to global fields and varieties which are not normal or even integral.

We first assume that X is geometrically irreducible. Note that the statement of the
theorem is equivalent to saying that if the M-Hilbert property over B is not satisfied
and (X, M)(B) # (), then integral M-approximation does not hold for any finite set
of places T. We proceed by proving the following stronger claim: if A C (X, M)(B)
is thin, then there is a finite set of places T" C Qg disjoint from T such that A is
not dense in [], 7 (X, M)(O,). We recover the original statement by taking A =
(X, M)(B). By the argument in [Ser08, Proof of Theorem 3.5.3] if the claim holds
for thin sets A;, As € (X, M)(B), then it holds for A; U A,.

For a set A which is not Zariski dense (thin of type I), the result follows from the
Lang—Weil bound [LW54] in the same manner as in the proof of [NS24, Theorem 1.1].
In particular, we conclude that (X, M)(B) is Zariski dense in X.

Nowlet A C f(Y(K))N(X, M)(B) for Y an integral variety over K and f: ¥ — X
a dominant generically finite morphism of degree > 2. Without loss of generality, we
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can assume that f is finite, since the image of a Zariski closed subset in Y is a type
I thin set. There are two cases to consider: either f is separable or it is inseparable.
If f is separable, then the result follows from [Ser08, Theorem 3.6.2] (which extends
to separable morphisms over global fields) and the proof of [NS24, Theorem 1.1], see
also [NS24, Remark 2.12]. This finishes the claim for separable morphisms. For global
function fields we need to consider inseparable morphisms.

Thus we now assume f: Y — X is an inseparable morphism. For every place v €
Qk, the Cohen structure theorem [Stacks, Tag 0C0S] implies O, = k,[t]. Therefore
Lemma implies that for every place v € Qi the subset f(Y(K,)) NU(K,) C
U(K,) is nowhere dense, where U is the smooth locus of X. Since (X, Mg,)(O,) is
nonempty and open in X (K,) by Proposition ANU(K,) N (X, Man)(O,) C
(X, Mfin)(O,) is nowhere dense. Since X(K,) \ U(K,) is a thin set of type I, its
restriction to (X, Mgy, )(O,) is not dense in (X, Mgy )(O,). Thus AN(X, May)(0,) C
(X, Mgn)(O,) is not dense so A C (X, M)(O,) is not dense. This proves the claim.

Now assume that X is irreducible, but not necessarily geometrically irreducible.
We will prove that (X, M)(0O,) contains a smooth point in X (K,) for some place
v € Qg, and then conclude that therefore X (K) contains a smooth point. As X is
irreducible, U = X \ | J,c 4 Da is irreducible as well. Write i = X'\ |J,c 4 Do If X is
not geometrically irreducible, choose a finite separable extension K’ of K such that
X splits into geometrically irreducible components X;. Write B’ for the regular
scheme associated to the integral closure of Op in K’. The splitting also induces a
splitting of the integral model X x g B’ into components X; which are integral models
of the X;. Write U; = X; N (U x g B’). Write T” for the places in Qg above T. As in
the previous part, the Lang—Weil bound [LW54] implies that, for all but finitely many
places v' € Q, U;(k,r) contains a smooth point. In particular, if we choose a finite
place v € B\ T which splits completely in K’ and such that for a place v' € B’ above
v, U; (k) contains a smooth point, then U(k,) = U(k,) contains a smooth point as it
contains U; (k, ). Thus by Hensel’s lemma [Pool7, Theorem 3.5.63] U(O,) contains a
smooth point. Since (X, M)(B) # 0 and (X, M) satisfies integral M-approximation
off T, we see that X (K) contains a smooth point, and thus by [Stacks, Tag 0CDW],
we see that X is geometrically integral.

If X is not irreducible, then there are disjoint open sets U;,Us C U, where U is
as above. By the same reasoning as when X was irreducible, the Lang—Weil bound
implies that we can find distinct places v1, vy € Qg \T such that U1 (O,, ) and U2(O,,)
are nonempty. But P € (X, M)(B) cannot simultaneously lie in the open sets U; (O, )
and Us(O,,) as U is disjoint from Us. This is a contradiction, so we find that X has
to be irreducible. O

Proof of Theorem[I.1.1] for function fields over infinite fields. Now assume that K =
k(C) for an infinite field k and a regular curve C over k. First we assume that X
is irreducible. Let U = X \ |J,c 4 Da be the closure of U = X \ [J ey Do in X.
Since X is geometrically reduced, there exists a nonempty open subset ) C U such
that the restriction of the structure morphism X — B to ), written f: )Y — B, is
smooth. Note that B is a Jacobson scheme [Stacks, Tag 01P2], f is dominant and of
finite presentation, and by [Mor20, Théoreme 4.2.3.(1)] B is a “schéma de Poonen”.
Therefore [Mor20, Théoreme 3.2.(3)] implies that there exists a point y € ) such
that f(y) is a closed point and the residue field satisfies k(y) = k(f(y)). If we write
v = f(y), then this implies that y € Y(k,) C U(k,) is a rational k,-point, and thus
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by Hensel’s Lemma [Pool7, Theorem 3.5.63], U(O,) contains a smooth point P. In
particular, [Stacks, Tag 0CDW] implies that X is geometrically integral.

Since P is smooth, there exists an open V C X which is smooth over K,. Thus
Proposition implies V NU(O,) is Zariski dense as it contains P, so U(O,) is
Zariski dense. Since (X, M)(B) is dense in (X, M)(O,) in the analytic topology, it
is Zariski dense in X.

Now if we assume that X is not irreducible, we find a contradiction in the exact
same manner as in the global function field case. So X has to be geometrically
integral. O

The next example shows that the set of rational points on a variety that satisfies
weak approximation can fail to be Zariski dense if the variety is not geometrically
reduced.

Example 2.2.20. Let k& = Fj(a,b) and K = k(t) for algebraically independent
variables a, b, t. Define X to be the closed subvariety of ]P’:,z (z,y,z,w) given by

P — 2Pa=yP — 2Ph = 0.

For every place of v of K, K, is a simple extension of k((t)). However, k((t))(a'/?,b/?)
is a degree p? extension of k((t)) which is not simple. Indeed if it were simple, then
there would be a primitive element a such that k() (a'/?,b'/?) = Kk(t))(c), but
aP € k((t)) would imply that the extension has degree p rather than p?. Thus we see
that K, cannot contain k((t))(a'/?,b*/?). Consequently, for any K,-point on X we
must have z = 0, and therefore

X(K,)=XK)=X(k)={(0:0:0:1)}.
This implies that X satisfies weak approximation while X (K) is not Zariski dense.
As a consequence of Theorem [1.1.1} we give a new proof of Minchev’s theorem.

Corollary 2.2.21 ([Min89, Theorem 1]). Let U be a normal variety over a number
field K, which satisfies strong approximation off a finite set of places T C Q. Then
Uz is algebraically simply connected, i.e. m(Ug) = {1}.

Proof. Let X be a normal compactification of U and let X be a normal integral model
of X over Og, where T' C S is some finite set of places. Let D be the Zariski closure
of X\ U in X and let ¥ = X \ D be its complement. By Proposition U
satisfies integral strong approximation off S. Therefore, Theorem implies that
X is geometrically integral and U(Og) C X (K) is not thin. Assume that Uy is not
simply connected. Then [Pool7, Lemma 3.5.57] implies that there exists a nontrivial
finite étale morphism f: Y — U where Y is a geometrically integral variety over
K. By spreading out [Pool7, Theorem 3.2.1(ii)], there exists a finite set of places S’
containing S and a finite étale morphism Y — U X4 Spec Oy extending f, where )
is a scheme with Vg =Y. This contradicts |[Lug22, Theorem 1.8], so Uz has to be
simply connected. O
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2.3 (M, M')-approximation

We conclude Chapter [2] by generalizing the notions of adelic M-points and integral
adelic M-points introduced in Definition [2.2.1] in order to relate these notions to the
adelic points considered in [MNS24]. The notions and results in this section will not
be used in later chapters.

Definition 2.3.1. Let (K,C) be PF field, T C Q be a finite sets of places and let
B C C be an open subscheme. Let (X, M) C (X, M’) be an inclusion of pairs with
integral models (X, M) C (X, M’). We define the space of adelic (M, M')-points
over B prime to T to be the restricted product

(XM, MYAR) = T (X, M)(O0) N (X, M)(K,), (X, M)(O,)).

’UEQK\T

If( ) ) =
if (X, M')(0y)
M-points.

(X, M), this recovers the notion of integral adelic M-points, while
= (X, M)(K,) for all v € Qk then this recovers the notion of adelic

Remark 2.3.2. The definition of (M, M’)-points generalizes the notion of adelic
semi-integral points considered in [MNS24]: if M’ encodes the Campana (respectively
Darmon) condition for a divisor Dy, as in Definition and M is the integrality
condition for the support of Dy,, then there is an equality of topological spaces

(X7M7M%n>(A£) = (Xva>:t(A£)a

where the right hand side is the set of strict T-adelic semi-integral points as in [MNS24]
Definition 2.15]. However, the full set of T-adelic semi-integral points (X, Dy )*(AL)
differs as a set from (X, M, M’)(AZL), since a point (P,), € (X, M, M')(AL) is
integral with respect to the support of Dy, at all but finitely many places v, while a
non-strict point in (X, Dm)*(AZL) lies in the boundary for all places.

In the remainder of the section we will generalize some results of Section

The following proposition is an analogue of Proposition and shows that the
space of adelic (M, M’)-points does not depend on the choice of an integral model
for (X, M).

Proposition 2.3.3. If (X, M) is a pair with integral models (X, M) and (X, M’)
over B, and (X, M") is an integral model over B of the pair (X, M) such that
(X, M), (X, M) C (X, M") are open, then there is a canonical homeomorphism

(X, M, M")(AL) = (&, M', M")(AL).

Proof. This follows from the proof of Proposition by replacing the term
(X, M)(K,) in the proof with (X, M’)(O,). O

In light of the previous proposition, and the fact that every pair over K has an
integral model over C, we will not specify the integral model (X, M) of (X, M) and
write (M, M') instead of (M, M").

The next proposition is an analogue of Proposition and gives conditions for
when the natural inclusion maps are embeddings or have dense image.
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Proposition 2.3.4. Let (X,M) C (X,M') C (X,M") be pairs and let (X, M) C
(X, M") C (X, M") be inclusions of integral models over B of the respective pairs,
and let T C Qi be a finite set of places. Then:

1. The natural inclusion (X, M, M")(AL) — (X, M', M")(AL) has dense image
if (X, M, M")(AL) #0.

2. The natural inclusion (X, M, M')(AL) — (X, M, M")(AL) is a topological
embedding, and it is open if (X, M')(O,) C (X, M")(O,) is open for all v €
Qr\T.

Proof. This is a direct consequence of Proposition |1.3.6 O
We now generalize the notion M-approximation to (M, M’)-approximation.

Definition 2.3.5. Let T' C Qk be a finite set of places, let (X, M), (X, M’) be pairs
over (K, C) such that M C M’ and let (X, M) be an integral model of (X, M") over
B C C. Then we say that X satisfies (M, M')-approzimation off T if the image of
the natural inclusion

(X, M')(B) N (X, M)(K) — (X, M, M')(AF)
is dense.
The restriction to (X, M)(K) ensures that the inclusion map is well-defined.

Example 2.3.6. If (X, M) is the pair corresponding to the Campana (or Darmon)
condition for the Campana pair (X, Dy,) and M C M’ is the integral condition with
respect to the support of Dy,, then (M, M’)-approximation on X coincides with
strong Campana (or Darmon) approximation on (X, Dy,) as studied in [MNS24], up
to the slightly differing adelic space as discussed in Remark



3. Split toric varieties and
M-approximation

In this chapter we study M-approximation and the M-Hilbert property for toric pairs.

3.1 Cox coordinates on toric varieties

In this section we introduce toric varieties and their Cox coordinates, following and
generalizing [CLS11, Chapter 5.1] and [Sal98, Chapter 8]. Given any fan X as in
[Sal98| Definition 8.1.1] (not necessarily complete or regular), we define the toric
scheme associated to X over Z to be Xy 7 as in [Sal98, Remark 8.6]. This is a normal,
separated scheme over Z and it is proper (resp. smooth) over Z if and only if ¥ is
complete (resp. regular). For any scheme S, we define the toric scheme associated to
Y over S to be Xy g := Xx xz S. For the remainder of the section, we let K be a
field and write Xy, := X5, g for the normal split toric variety associated to the fan 3.

For a fan 3, we write X(1) for the collection of rays in 3, ¥,,ax for the collection
of maximal cones in ¥, and {D, ..., D,} for the set of torus-invariant prime divisors
on X := Xx. We denote the lattice of cocharacters of X by N and its dual by NV.
For a torus-invariant divisor D;, we write p; C Ng for the associated ray and n,, € N
for its ray generator.

Definition 3.1.1. If X = Xy, is a normal split toric variety over a PF field (K, C),
then its toric integral model over B C C'is X = Xy p. If (X, M) is a pair with
A={1,...,n} and Dy,..., D, the torus-invariant prime divisors on X, then we call
(X, M) a toric pair and we say that its toric integral model over B is (Xx g, M°).
We denote the open torus in X by U.

In the remainder of this chapter, we assume that the ray generators n,, span Ng.

This is equivalent to the split toric variety X = Xy x not having torus factors, or
X

equivalently Ox (X#)* = K.

Now we introduce Cox coordinates on the integral points on the toric variety: we
write the toric scheme X = Xy 7 as a quotient X = )/G for some open subscheme
Y C Az and a group scheme G C G}, ;. We have an exact sequence

0— NV = z21 5 CIE) — 0, (3.1.1)

as in [CLS11, Theorem 4.1.3], where CI(X) is the class group of any toric variety over
a field with the fan . We define the Z-group scheme

G = Hom(CI(X), Gy z),

43
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which by the above exact sequence is the kernel of the homomorphism
" 2 =2 Hom(ZEW, Gy z) — G 4 2 Hom(NY, Gy )
induced by the inclusion NV < Z*1). Here d is the rank of the lattice N. In

particular, for every ring R, we have the description

G(R) = {t e (R)"

Ht§7n’npi> =1 for all m € Nv},

i=1

where (-,-): NV X N — Z is the natural pairing. Now for each cone o € 3, let

n
7 = | | T,
=1

pifo
and let A
Z={z°=0|forallc € 3} C AZ.

Then Y = A\ Z carries the natural structure of a toric scheme, and the subscheme G
acts on it by coordinate-wise multiplication. Similarly to [CLS11, Proposition 5.1.9],
we find the Cox morphism ©: A} \ £ — X of toric schemes, which is constant on
G-orbits and gives a bijection between the closed toric subschemes of ) and those of
X.

Lemma 3.1.2. Let X', Y and 7 be as in the discussion above. The morphism m: Y —
X is an universal categorical quotient for the action of G on A} \ Z. If furthermore
Y is regular and C1(X) is torsion-free, then 7 is a G-torsor.

If ¥ is regular, the Cox morphism is referred to as the universal torsor of X', such
as in [Sal98; [FP16]. To prove the lemma we first need the following generalization of
|CLS11}, Proposition 5.0.9] to general rings.

Proposition 3.1.3. Let G be a linearly reductive group scheme over a ring R (as in
[Alp13, Section 12]) acting on an affine R-scheme Spec A. Then the induced mor-
phism Spec A — Spec AY is a universal categorical quotient for this action, where AY
1s the subalgebra containing the elements in A invariant under the action of G.

Proof. Since G is linearly reductive, by [Alp13 Remark 4.8] (see also |[Alp13, Theorem
13.2]) the morphism of R-stacks [Spec A/G] — Spec AY is a good moduli space |Alp13|
Definition 4.1]. In particular, any morphism Spec A — S to some R-scheme S which is
constant on G-orbits factors uniquely as Spec A — [Spec A/G] — Spec A9 — S, since
good moduli spaces are universal for maps to schemes |Alpl3, Theorem 4.16(vi)].
Thus we see that Spec A — Spec AY is a categorical quotient. Since good moduli
spaces are preserved under base change [Alp13| Proposition 4.7], it is furthermore a
universal categorical quotient. O

Proof of Lemma[3.1.3 The proof of the first part is exactly as in [CLS11, Theorem
5.1.11], where we replace the use of [CLS11, Proposition 5.0.9] by Proposition
where we use that G is linearly reductive by [Alpl3, Example 12.4.(2)]. The second
part follows from [CLS11, Theorem 3.3.19], where regularity is used to ensure that
the bijective morphisms of cones 6 — o induced by 7 restrict to bijective maps
&N (22D 5NN, 0
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Using the construction just given, we can define Cox coordinates on a split toric
variety.

Definition 3.1.4. Let X and w: Y — X be as above, and let B be a scheme. For
any P € Y(B), we say that P = (Py,...,P,) are Cox coordinates for the point
m(P) € X(B), where P, € O(B). We will write 7(P) = (P; : --- : B,), in analogy
with homogeneous coordinates.

When can all points in X(B) be represented by Cox coordinates for a scheme
B? If ¥ is regular and complete, then CI(X) is torsion-free. Therefore Lemma [3.1.2]
shows that the Cox morphism is a G-torsor. Therefore [FP16, Proposition 2.1] gives
a decomposition

xBy= || wrwd®B), (3.1.2)

[W] EH}mof (B’g)

for every scheme B. Here w: w) — X is the twist of 7 by —[W] € H}, (B, G) as
defined in [Sko01, p.22].

Note that in this case G = G?n:g. Thus H}ppf(B7 G) = Pic(B)"~ ¢ if B is regular.
If B = Spec R for a unique factorisation domain then this implies that every R-point
is represented by Cox coordinates.

Proposition 3.1.5. Let X be a regular and complete fan, let X = X, and let R be a
unique factorisation domain. Then every P € X (R) is represented by Cox coordinates:

X(R) =n(Y(R)), (3.1.3)
where 7 is the Cox morphism.

If we instead consider singular toric varieties, then we can still show that rational
points are represented by Cox coordinates, as long as Cl(X) is torsion-free.

Proposition 3.1.6. Let ¥ be a fan such that CL(X) is torsion-free and let k be a
field. Then every point P € X (k) = Xs(k) is represented by Cox coordinates:

X (k) = 7(V(K)), (3.1.4)
where 7 is the Cox morphism.

Proof. By the Orbit-Cone Correspondence [CLS11, Theorem 3.2.6, Proposition 3.2.7],
the torus-invariant orbits V' = G2, (k) on a split toric scheme X correspond to the
closed toric subschemes Z of ) of dimension s by restricting to the dense torus
in Z and by taking k-points. Since 7 induces a bijection between the closed toric
subschemes of ) and those of X, it also induces a bijection between the torus orbits
in Y(k) and in X'(k). Since every torus orbit contains a k-point, every torus orbit
V C X (k) contains the image of a point in Y (k). Since C1(X) is torsion-free, the short
exact sequence 0 — NV — z>(1) — Cl(X) — 0 splits, which gives a splitting of the
associated exact sequence

02G—>GlL,— G, —0,

and thus the map Gj, (k) — an’z(k) is surjective. Let V' C X (k) be a torus orbit
and consider the map ¢: de_Z(k) — V from the k-points of the dense torus in X
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to V, induced by the map on tori. By combining |[CLS11, Lemma 3.2.5] and the

same splitting argument as above to the exact sequence (3.2.6) in |[CLS11|, we see

that ¢ is surjective. Combining the surjectivity of these maps, the composite map
m.z(k) =V is surjective. By the commutative diagram

mz(k) —— V'

L

ng,z(k) s V,

where V' is the torus orbit in Y (k) above V, the map V' — V is surjective. Since
every rational point lies in a torus orbit, the map Y(k) — X (k) is surjective. O

By applying Proposition we will show that any toric resolution of singular-
ities of normal split toric varieties is surjective on rational points. For this we first
need the following proposition, which characterizes when the class group of a split
toric variety is torsion-free.

Proposition 3.1.7. Let X be a normal split toric variety without torus factors. Then
Cl(X) is torsion-free if and only if the ray generators {n, | p € (1)}, span N as a
lattice. Similarly, for a prime number p, C1(X) does not have p-torsion if and only if
the ray generators {n, | p € (1)} span N/pN as a lattice.

Proof. The class group being torsion-free is equivalent to C1(X) being a projective
Z-module, which by the splitting lemma is equivalent to the existence of a retraction
7> — NV of the exact sequence . Taking Z-duals, we see this is equivalent to
the projection Z*1) — N having a section, and therefore to it being surjective. The
second statement follows from tensoring with Z/pZ and using the same argument for
Z/pZ instead of Z. O

Corollary 3.1.8. Let k be a field and let X be a normal split toric variety over k.
Then any proper birational toric morphism f: X — X induces a surjection X (k) —
X (k). In particular, this holds whenever f is a toric resolution of singularities.

Proof. Let ¥ and 3 be the fans of X and X in a common co-character lattice N and
let P € X (k) be a point, not contained in the open torus. We first show that we can
assume that C1(X) is torsion free. We compactify X to obtain a complete toric variety
X C X'. Since the intersection of all toric affine opens U, C X’ corresponding to
maximal cones o € ¥ is just the torus, there exists such an open U, not containing P.
We subdivide o into a collection of smooth maximal cones including ¢” and let X" be
the resulting complete toric variety. This yields a birational morphism X" — X’ of
complete toric varieties, such that X’ contains an affine open U, corresponding to a
smooth maximal cone. Therefore Proposition implies that the class group of X"
is torsion-free. Since the statement to be proved is Zariski local, and there exists an
open subset P € U C X such that the restriction X x x» U — U is an isomorphism,
we can assume without loss of generality that C1(X) is torsion free.

The toric birational morphism X — X is induced by subdividing the cones in
Y into smaller cones, which gives an inclusion (1) C (1) of sets of rays. Let
ENZ(l) \2(1) ={pn+1,--.,pn} be the rays in 3. which do not lie in . By Proposition
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there exists Cox coordinates for P: P = (ay : ---: ay) € X(K). Then consider
the point P =(ay :---:an:1---:1) € X(k). Then it follows from the construction
of Cox coordinates that f(P) = P. O

3.2 M-approximation for split toric varieties

Now we restrict ourselves to the case where X is a complete normal split toric
variety of dimension d over a PF field K. Consider a toric pair (X, M), where
M = ((D;),2M), and let (X, M) be its toric integral model. These assumptions
are fixed for the rest of the paper, unless specified otherwise.

To understand whether a toric pair (X, M) satisfies M-approximation, we can use
Proposition to reduce to the case of a smooth toric variety:

Corollary 3.2.1. Let (K,C) be a PF field, let T C Qi be a finite set of places, let
(X, M) be a toric pair and let f: X — X be a birational toric morphism of complete
normal split toric varieties over K. Then (X, M) satisfies M -approximation off T if
and only if ()?, f~1M) satisfies f~' M-approzimation off T.

Proof. This follows directly from combining Proposition with Corollary
O

3.2.1 Monoids in Theorem m

In this section we introduce the monoids Nas, N3, and p(K, C), which are used in The-
orem and Theorem [3.3.5] These monoids indicate how (X', M)(B) is distributed
in X(K).

Definition 3.2.2. Let (X, M) be a toric pair where X is a complete smooth split
toric variety. Define the homomorphism of monoids

¢o:N* > N

n
(my,...,myp) — Zminm.
=1

Define the sublattice
NM = <¢(m) | m e i)jtﬁn,red> C N,

and the submonoid Nz\t[ generated by nonnegative linear combinations of the same
elements.

The restriction to the reduced part reflects the fact that for every finite place
v € Qk and a point P € X(K,), mult,(P) lies in Myeq.

Remark 3.2.3. The monoid NAJCI is equal to Ny if and only if the cone NAJCLR gen-
erated by NAZ is equal to R%. This will be used in the proof of Theorem m
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For each finite place v, we write
¢y == ¢pomult,: U(K,) = N. (3.2.1)
The map ¢, : U(K,) — N is a group homomorphism, as the next proposition shows.

Proposition 3.2.4. Let X be a smooth, complete split toric variety. For each finite
place v, we write
¢y = ¢pomult,: U(K,) = N. (3.2.2)

The map ¢,: U(K,) — N defined above is a surjective group homomorphism with
kernel U(O,), where U = G&, is the open torus in X. The homomorphism can be
giwen in Cox coordinates as

n
G (Ut et u ) = Zwinpi,
=1

where w; € Z, u; € OF and m € O, is a uniformizer. This homomorphism gives a
splitting
U(K,) 2U(0,) ® N.

Furthermore, zf)~( is a smooth complete split toric variety and f: X — X is a toric
morphism corresponding to the morphism of lattices f: N — N, then we have ¢,of =
foby. The map ¢, on the left corresponds to the map on the points in X (K,) and
the map ¢, on the right corresponds to the map on the points in )?(Kv).

As a consequence if [ is birational, then for any toric pair (X, M) there are equal-

ities of monoids NJ\'Z = ]-J—*M and Nar = Ny« .

Proof. Let P € X(K,) be a point. Since Xs; has an open cover of affine toric schemes
V, = A? corresponding to maximal cones ¢ € X, P € V,(0,) is satisfied for some
maximal cone ¢ € ¥. Thus we can represent the the point with Cox coordinates

P = (p;: - : py) such that p;, = 1 if p; is not a ray of the cone o. For such a
point P € A%(Q,) C X, it follows that n, (DS, P) = v(p;). Therefore, if we write
p; = w;m™ for units uq,...,u, € OF and mq,...,m, € N*, then ¢,(usn™* : .-+ :

Upm™) = 3" myin,,. We will now prove that this equality is still true even without
the constraints on the p;. By the equality

n
G(K,) = {(t1,-. ta) | [[ 17" = 1 for all 1 < j < d},

i=1
where e1, . .., eq4 is a choice of a basis of NV, we see that (7™ : -+ : 7™n) = (1:---: 1)
if and only if >, myn,, = 0. Therefore if (7 : -+ : 7)) = (7™ : -+ : 7 ) then

Yo (mi —mln, =0s0 Y min, = . min,,.
Thus we see that

n
Do (U™ T ) = mepi,
i=1

for all m; € Z and units u; € O}. In particular it is clear that ¢, is a group homo-
morphism with kernel U(O,).
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The surjectivity follows from the fact that n,,,...,n,, span N as a lattice, com-
bined with the identity ¢,(1:---:1:m:1:---:1) = n,,, where ¢ is index of the
coordinate different from 1. The splitting is a direct consequence of the fact that N
is a free abelian group.

For verifying the identity ¢, o f = f o ¢, it suffices to consider affine opens
A%’v C X and A%U C X such that f restricts to a morphism Agv — A‘év. Now by
comparing this map with the map f, the result directly follows.

The final claim follows from the previous part by noticing that f is just the
identity. O

Remark 3.2.5. By Proposition [3.2.4] the description of M-points on projective
space as in Section generalizes to toric pairs (X, M), with X complete and
smooth, with toric integral model (X', M). By replacing the homogeneous coordinates
from that section with Cox coordinates, we obtain a description for the M-points on

(X, M).
Now we can extend the definitions of Ny, and N;} to the singular case.

Definition 3.2.6. Let X be a complete normal split toric variety with lattice of
cocharacters N. We define Nj; = Ny«pr and N = thM for any toric birational
morphism f:Y — X, where Y is a complete smooth split toric variety, such that
D; xx Y is a Cartier divisor for all ¢ € {1,...,n}.

Such a Y can always be found by taking g: Z — X to be the successive blowing
up of the D;, so that g~ 'D; is a Cartier divisor, and then taking Y to be a toric
resolution of singularities of Z.

It follows from Proposition that Njs and NAZ are independent of the choice
of the morphism f, so they are well-defined. This is because for any two resolutions
of singularities of X, there exists a common refinement of both.

Remark 3.2.7. If X is a normal split toric variety such that Cl(X) contains torsion,
then N, = N for the trival pair (X, M) = (X,0). On the other hand, Proposi-
tion implies that the ray generators m,, do not generate N, even as a group.
Therefore, it is sometimes necessary to consider a resolution of singularities rather
than directly trying to apply Definition [3.2.2] as that can give monoids which are too
small.

The next notion measures divisibility of the unit group of completions of the field
K.

Definition 3.2.8. For a PF field (K, C) we define p(K,C) to be the set of n € N*
such that the group O; is n-divisible for all v € Q.

The set p(K,C) is a submonoid of N* generated by a subset of the prime num-
bers. In order to describe this notion for function fields we introduce the following
definitions:

Definition 3.2.9. Let k be a field and let n > 1 be an integer with char(k) { n. We
say that k is n-closed if one of the following equivalent properties hold:

1. For every finite extension [/k, the degree [l : k] is coprime to n.
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2. For every finite extension [/k, the group I* is n-divisible.

Example 3.2.10. Separably closed fields are n-closed for all n not divided by the
characteristic. For any prime number p and an integer n > 1 with p { n the union
of finite fields Um21 [F,nm is n-divisible. Similarly for a separably closed field k& with

char(k) = p and an integer n > 1 with p { n, the field {J,,>, k(Y™™ is n-divisible.

Recall that a field & is formally real if there exists an ordering on k and it is
formally Euclidean if this ordering can be chosen such that every nonnegative element
is a square.

Definition 3.2.11. We say that k is hereditarily Fuclidean if every formally real
algebraic extension of k is formally Euclidean.

The following lemma allows us to easily compute p(K,C) for both number fields
and function fields.

Lemma 3.2.12. For any PF field (K, C), the monoid p(K,C) is computed as follows:
1. If K is a number field then p(K,C) = 1.

2. If k is a field and K = k(C), where C is a regular curve over k, then a prime
number p belongs to p(K,C) if and only if either

(a) p # char(k) and k is p-closed,
(b) or all of the following are satisfied:

e k is a hereditarily Euclidean field,
e D=2,
o C(k') =10, where k' is a real closure of k.

Furthermore, for any PF field (K,C), if n € N* is an integer such that n & p(K,C),
then there are infinitely many places v € Qi such that O is not n-divisible.

Remark 3.2.13. In particular, if K = k(C) with k a finite field, a number field or a
function field (of transcendence degree at least 1), then p(K,C) = 1. If on the other
hand, & is separably closed, then p(K,C) = {n € N* | char(k) { n}. Finally, if £ = R,
then p(K,C) ={n e N*|2{n} if C(R) # 0 and p(K,C) = N* otherwise.

Proof. We will prove the last statement in tandem with the computation of p(K, C).
Note that for this statement we can assume that n = p is a prime. We split up the
proof in two cases, depending on whether K is a number field or a function field. We
first treat the case where K is a number field. For every prime number p there exist
infinitely many prime numbers ¢ = 1 mod p by Dirichlet’s theorem on arithmetic
progressions. For each place v € Qf above such a prime number g, the group of
units of the residue field & is not p-divisible since the order of kS is divisible by p.
Thus O is not p-divisible either for such v. In particular, O is not p-divisible for
infinitely many places v € Qk and therefore p(K,C) = 1.

Now we treat the case where K is a function field of a curve over a ground field k.
For any place v € Qk, the completion is given by O, = k,[t], where k, is the residue
field at v. For any f € k,[t]* we can write f = ag where a € k) and g € k,[t]*
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has constant coefficient 1. Therefore f is a p-th power if and only if a and g are p-th
powers. If p # char(k), then for any = € k,[t] with |z|, < 1 the p-th root ¥/1 + x is
well-defined and lies in k,[t]. In particular, since |g — 1|, < 1, g is a p-th power as
long as p # char(k). If on the other hand p = char(k), then 1+t € k,[t]* is not a p-th
power. Therefore O} is p-divisible if and only if p # char(k) and k.S is p-divisible.

Therefore it follows that p € p(K, C) if k is p-closed and p # char(k) since in that
case k, is p-closed for all v € Q. Similarly, 2 € p(K, C) if k is hereditarily Euclidean
and C(k’) = 0 for a real closure k’/k, since then k, is 2-closed for all v € Q.

For the other direction, we assume that O is p-divisible for all but finitely many
places. We will show p satisfies the conditions given in the statement of the lemma,
and thus in particular p € p(K, C).

As we have seen we must have that p # char(k) and that for all but finitely many
places v € Qf, the group k, is p-divisible. First we prove that for any field k, if k
is not p-divisible, but [* is p-divisible for some some finite extension [/, then p = 2
and k is an Euclidean field. If p = 2, then this follows from [EW87, Lemma 2(2)].
Assume therefore that p is odd. Let a € k be an element which is not a p-th power.
Then [Lan02, Theorem 9.1] shows that the polynomial X P" — @ is irreducible over k
for every n > 1. Thus if [/k is a finite extension, then X P" _ q does not have a linear
factor over [ if p™ is larger than the degree of the extension [/ k. Therefore [* is not
p-divisible either since a is not a p™-th power in [.

Since for any place v € Qg, k,/k is a finite extension, k* has to be either p-
divisible or p = 2 and k is Euclidean.

Now assume that k> is p-divisible and that k) is p-divisible for all but finitely
many places v € Q, as before. We will show that this implies that k is p-closed.
Since k* is p-divisible, k is not Euclidean if p = 2. If k is not p-closed, then there
exists a finite extension [/k such that [* is not p-divisible. We can factor [/k as a
separable extension [ /k followed by a totally inseparable extension [/ [ by [Stacks, Tag
030K]. Since any separable extension of k is simple, [ is contained in the residue field
of infinitely many closed points in Pi. Thus, since there exists a dominant morphism
C — P}, there exist infinitely many places v of K for which [ C k,. This implies
that kS is not p-divisible for infinitely many places v € Qk, which is a contradiction.
Thus if k* is p-divisible, then [* is p-divisible for every separable extension [ /k.

For any totally inseparable extension l/ l, any element o € [* has a minimal
polynomial of the form X" — a?" for some n € N, where ¢ = char(k) and a?" € [*.
Since a?" is a p-th power in l « is a p-th power in [ and thus [* is also p-divisible.
Therefore, we see that k is p—closed. By the same argumentation, we also see that if
k is Euclidean, then k is hereditarily Euclidean.

If k is hereditarily Euclidean, but C contains a k’-rational point for its real closure
k', then C(k’) is infinite since a real closed field is an ample field [Pop96]. Therefore
there are infinitely many places v such that k¢ is not 2-divisible. O

The next lemma will be used in the proof of Theorem [1.1.3| over function fields.
Lemma 3.2.14. Let k be a field and let C' be a projective regular curve over k and
let p € p(K,C) be a prime number. Then for any affine open B C C, Pic(B) is a
p-divisible group.

Proof. We first assume that k is p-closed. Since the statement only depends on p
and on the scheme B, we can as in Remark assume without loss of generality
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that k is algebraically closed in K, so that B is a geometrically integral curve over k.
The connected component of the identity of the Picard scheme J = Jac(C) is a group
scheme of finite type over k |[BLRI0, Section 8.2, Theorem 3]. We will first prove
that J(k) is p-divisible. The multiplication-by-p map [p] gives the exact sequence of
G-modules

0 — J(E=P)[p] = J(kP) B J(ksery — 0,

where kP is the separable closure of k and G = Gal(k*P/k) is the absolute Galois
group of k. By the induced long exact sequence in Galois cohomology, this implies
that J(k) is p-divisible if H(G, J(k*°P)[p]) = 0, which we will now show.

By |Liu06, Chapter 7, Corollary 5.23.], J(k%P)[p] is finite since p is different from
the characteristic. Furthermore every finite quotient of G has order coprime to p,
since k is p-closed. Thus by [Har20, Corollary 1.49] we see that, for any normal
subgroup H < G of finite index, H'(G/H, (J(k*P)[p])) = 0. Thus the inflation-
restriction exact sequence |[Har20, Theorem 1.42] implies that the restriction map
HY(G, J(k*P)[p]) — H(H,J(k*P)[p])/" is injective. For every continuous map
G — J(k*P)[p], one of the fibers contains an open neighbourhood of 1 € G, and
therefore a normal subgroup H of finite index. Thus the map of the associated
cohomology class gets sent to 0 by the restriction map. Since the map is injective,
HY(G, J(k*?)[p]) = 0 and thus we see that J(k) is p-divisible.

By applying [BLR90, Section 8.1, Proposition 4] with S = T" = Speck, we have
an exact sequence

0 — Pic’(C) — J(k) — Br(k),

where PicO(C) is the group of isomorphism classes of invertible sheaves on C with
degree 0 and Br(k) is the Brauer group of k. Since k is p-closed, Br(k)[p] = 0, since
there does not exist a central division algebra of degree p over k, as its splitting field
would have degree p over k. Thus it follows that Pic’(C) is also p-divisible.

Since C is geometrically connected, the degree map gives an isomorphism
Pic(C)/ Pic’(C) = Z. Since the restriction map Pic(C) — Pic(B) is surjective, there
is an exact sequence

Pic’(C) — Pic(B) — Z/mZ — 0.

Here m is the greatest common divisor of the degrees of closed points in C'\ B. The
degree of a closed point on C' is not divisible by p, as the residue field of such a divisor
would be an extension of k with degree divisible by p. Therefore p does not divide
m, so Z/pZ is p-divisible and thus Pic(B) is p-divisible.

Now we treat the case where k is not p-closed. As we have seen in Lemma [3.2.12]
this implies that p = 2, k is hereditarily Euclidean and C is a curve with no points
defined over a real closure of k. This implies that every divisor on C defined over k is
of the form D = D’ 4+ o(D’), where D’ is a divisor defined over the unique quadratic
extension | = k(v/—1) of k, and o is the automorphism of I/k that sends v/—1 to
—v/—1. As [ is 2-closed by [EW87, Lemma 2], it follows by the previous argument
that Pic(B;) is 2-divisible, so there exists a divisor D" over [ such that 2D” ~ D',
and thus we see D ~ 2(D" + o(D")). Therefore Pic(B) is 2-divisible as well. O

3.2.2 Squarefree strong approximation on the affine line

In the proof of Theorem we will need the following definitions.
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Definition 3.2.15. Let R be an Dedekind domain. An element r € R is squarefree
if 7 is not contained in p? for any prime ideal p C R. If R = O(B) for some regular
curve B over a field k, then we call an element r € R separable if it is squarefree in
R ®y, k' for every extension k' of k.

Note that if R = k[t] = O(A}), then we recover the familiar notions of squarefree
polynomials and separable polynomials. If & is perfect, then r € O(B) is separable if
and only if it is squarefree.

Before we can carry out the proof of Theorem we prove a stronger version
of strong approximation on A' for both global fields and function fields.

Lemma 3.2.16. Let (K,C) be a global field, let S C Qi be a finite set of places
containing a distinguished place vo € S. Let x, € K forv € S, and € > 0. Then
there exist infinitely many pairwise coprime squarefree elements f € O(B) such that

|f — zyp]o <€ forallve S\ {v},

where B=C'\ S.

Let T be an integer and assume that vy is an infinite place if K is a number field.
If [Ty, v, 18 sufficiently large, depending on €, T and |x,|, for v € S\ {vo}, then there
exist at least T such f which additionally satisfy

‘f - xvo|vo < 6|:Cv0|vo'

Furthermore, f can be taken to be a prime element if K is a function field and v
is a k-rational point, or if K is a number field (with no condition on vg). In general,
f can be taken to be the product of two prime elements.

Remark 3.2.17. Note that for K = Q this lemma is just a consequence of the
prime number theorem for arithmetic progressions [BMO™18, Theorem 1.1]. If K is
a number field and if S does not contain an infinite place, then the statement from
the lemma follows from Chebotarev’s density theorem applied to L/ K, where L is the
ray class field associated to the modulus ool (see [Cox22, Chapter 2, §8]), where oo is
the product of the infinite places and I is the ideal in Ok consisting of the elements
x € Ok with |z|, < eforallveS.

Remark 3.2.18. If S contains all infinite places in the setting of Lemma [3.2.16] then
there exist only finitely many coprime elements f € O(B) satisfying |f — z, |, < € for
all v € S\ {wo} and |f — Zyglvy < €|Tay|ug, since these inequalities imply an upper
bound on the norm of the ideal (f) € B.

Proof. The proof of the lemma uses the language of ideles and mainly relies on [Lan94}
Chapter XV, Theorem 6], which is an equidistribution result that can be viewed as a
generalization of Chebotarev’s density theorem. For more background on ideles and
equidistribution, see |[Lan94, Chapter VII] and [Lan94, Chapter XV], respectively.

Denote the idele group of K by J =[], <, (K, O;) and denote the S-idele group
by Js = [l,eq,\5 O xIl,es K- The norm of an idele a € Jis [|al| =], eq, [avlo-
We denote the subgroups of elements of norm 1 in J and Jg by J° and J%.

The proof is split up in two parts, depending on whether K is a number field or
a function field. While the proofs of these cases differ, they follow the same general
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ideas and both hinge on applying [Lan94, Chapter XV, Theorem 6] to a retraction
¢:J — JO. First we give some generalities common to both proofs.

Step 0. Without loss of generality we can assume that € < ming,eg fv3 (1, [20]o).
Choose for each finite place q € Q3> a uniformizer 7y € K* at g. Define the
map 7: Q> — J by (7(q))y = 7q if v # q and (7(q))q = 1. Note that for q & S,
7(q) € K*Jg if and only if q is a principal ideal in O(B). This is because 7(p) € K*Jg
means that there exists u € K such that ury € OF for all v € Qg \ (S U {q}) and
such that u € O, so (umq) € B is a prime ideal.

Step 1 for number fields: vy infinite. We assume without loss of generality
that S contains all infinite places. We also first treat the case when vg is an infinite
place. Define the retraction ¢: J — J° by

b(a)y = {av if v # vy,

ay/||al|*e  if v = v,

where e = 1 if vg is real and e = 2 if vy is complex. We define o to be the

composition of ¢ with the quotient map J° — J°/K*. Then o(J°) = JO/K*,

and o(K*) = 1. Therefore, by [Lan94, Chapter XV, Theorem 6], Q3™ is A-

equidistributed in J°/K>, where A = o o 7. The map 7 here is defined differently

from [Lan94], but the composition yields the same map A after composing with the

inversion map (-)~': J°/K* — J°/K* and therefore the conclusion still follows.
Let

U :{z €J%: |2, — 24|y < emin (1, gﬂ;) , Yo € S\{vo}}

N {z € J%: Jarg(zy,) — arg(2uy )|v, < i},
be an open set of J°, where 7 is the cardinality of S and arg(z) is the principal
argument of z € C*. Note that U is a nonempty open set of J Y. Denote the image of
U inJ°/K* by U. The maps we have defined together form the following commutative
diagram
U——U
Jo JO/ K>,

o

O T 3 2

A

As the indicator function of U is integrable, a positive density of prime ideals
q € B, ordered by their norms, satisfy A\(q) € U, by the definition of equidistribution
given in [Lan94, page 316]. Since the image of J% in J°/K* is K*J%/K*, such prime
ideals are principal as we have seen in Step 0. By the Landau prime ideal theorem
|[Lan03, page 670] the number of prime ideals of norm up to X grows asymptotically
as X/log X. Therefore the number of prime ideals ¢ € B with A(q) € U of norm
up to X grows asymptotically as ¢X/log X for some constant ¢ > 0. Therefore, for
Ny € R sufficiently large, there exist T distinct principal prime ideals q = (¢) € B with
A((¢)) € U and of norm (1—$)No < N(q) < (1+5)No. Note that (¢o7)(q), = ug for
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allv € Qg \{vo,q}, (p07)(q)q = v and (¢o7)(q)s, = ug/N(q)*/¢, where u € K* noy
and N(q) = [[,cg |l is the norm of ¢ in O(B).

By definition of U, for all prime ideals (q) of O(B) with \((q)) € U, there exists
u' € K* such that u(¢ o 7)(¢) € U. This implies that uu'q € OF for all v € Qg \
{vo,q}, wu’ € OF and |arg((ug/N(q)'¢)v,) — arg(2y, )], < <. Thus uu'q € O(B),
(uu'q) = (q) and wu'q € U via the natural embedding K* C J°, since the argument
of uu’q in K,, is not affected by scaling by a positive real number. Therefore, we can
choose the prime element ¢ € O(B) to lie in U itself.

Without loss of generality, we assume |z,,|v, is sufficiently large so that Ny =
[L,cs |zolo is large enough for T pairwise coprime elements ¢ € U to exist. Then we

have
N(q)

< (14 92w |vos (3.2.3)
veS\{vo} |$U|”

(1 - i)|xvo|vo < H

for such p € U.
<

v

this with the definition of U we find 1 — 55 < - < 1+ 55 for v € S\ {v}, and
thus

The triangle inequality implies |- L -1 £

1<

+1 and by combining

c [plo ]
1-£< ] < 14 £ (3.2.4)
veS\{vo}

By combining the inequalities (3.2.3)) and (3.2.4]), we obtain

€ €
(1 - 5) [T oy < 1qlve < (1 + 5) %05 0o -

If vy is real, then the inequalities on the argument show that vo(g) has the same sign
T —1

Ty

< £. If vy is complex, then the inequalities on the argument

as Ty, SO § 5
0

show

0o 2
q €\ /s 42 [€ €\ € (e/4)" 2
-1 <‘(1 —) / —1’ <= (1 f)f < <e
oy ‘UO ta)e g T U3 4+7;2 nl e

This proves the existence of T' coprime prime elements f = g € U satisfying the second
condition of the lemma and by definition of U, they also satisfy the first condition.

Step 2 for number fields: vy finite. Now we will prove the lemma when K is
a number field and v is a finite place. We will derive this from the previously treated
case when vy was infinite by choosing an infinite place v' € S and by letting it play
the role of vy so that we can apply the previously proven case of the lemma. By the
generalization of Dirichlet’s unit theorem to S-integers [Nar04, Theorem 3.12], there
exists u € O(B)* with |ul, = 1 for all finite places v € Q3> \ {vo} and positive
valuation at vg. Therefore by the product formula there exists an infinite place v’
such that |u|,» > 1, and by taking powers of we can take |u|,s to be larger than any
given bound.

For ¢ > 0 and any integer R > 0, if |u|, is sufficiently large, the part of the lemma
proven in Step 1 implies that we can find R pairwise coprime prime elements g € Og
such that |g—ux,|, < € for all places v € S\{vp, v’} and |g—uzy |y < € |uzy|,. If we
set f = q/u, then |f —x,|, < € for all places v € S\ {vg,v'} and |f — 2y |y < €Ty o
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As T was arbitrary, this implies that for every € > 0 there exist infinitely many
pairwise coprime prime elements f € O(B) such that |f —z,], < e for all v € S\ {vo}
since we can take € = e/ max(1, [Ty |y ).

Step 1 for function fields: vy a rational point. Now we will prove the
statement for global function fields using a similar strategy as for number fields,
relying on |[Lan94, Chapter XV, Theorem 6]. While this theorem is formulated for
number fields, the statement is true for global fields. This is because the proof of this
result relies on Theorems 1, 2, 3 and 5 as well as Proposition 1 in [Lan94, Chapter
XV]. Theorem 1 and Proposition 1 are purely analytic statements, not involving
number fields, while Theorem 2, 3 and 5 are true over global fields using the same
argumentation as given in the book. As noted in Remark we can take k to be
the field of constants of C' so that C' is geometrically integral.

We will first assume that vy is a k-rational point and prove the general case
afterwards. Let [ be the cardinality of k and define the retraction ¢: J — J° by

Bla)y = {av if v # vy,

1 .
av/ﬂv‘?}gz llall if o= Vo,

where m,, € O,, is a uniformizer and ||a|| is the norm of a. We define o to be the
composition of ¢ with the quotient map J° — J°/K*, as in the case for number
fields. Then o(J%) = J°/K*, and o(K*) = 1.
Therefore we can use [Lan94, Chapter XV, Theorem 6] as in Step 1 for number
fields to conclude that Qx is A-equidistributed in J°/K*, where A = o o 7.
bF(lr any b € K satisfying [blv, [[,e5\ (vy} [0l = 1, define the nonempty open
subse

Ub;{zeag-'%‘%v <6’\7v65\{v0}}

' ‘ZUO - b|vo < 6/ HyeS\{yo} |IU|U

and denote its image in J°/K* by Uy. As in the proof for number fields, the maps
defined fit into the following commutative diagram

Uy —>Ub

[ |
J0 JO/Kx.

ag

¢

Q5 T4 3

Note that (¢po7)(q), = uq for all v € Qg \{vo,q}, (¢o7)(¢)q = v and (¢po7)(q)y, =
uq/ml,%g’ N where u € KX N Oy and N(q) = [[,egl4lv is the norm of g in O(B).

Let n > 1 be an integer. By the Hasse-Weil bound [Pool7, Corollary 7.2.1] for
B over Fjn, O(B) has at least " + O(I"/?) prime ideals of norm [", where implied
constant depends on C but not on n. Thus if n is sufficiently large, then for every
b€ K with [blu, [1,e 5\ v, [Zvlo =1 there exist at least T" pairwise coprime primes
q = (¢q) of norm [ with A\(q) € Up. In particular, if |x,,|,, is sufficiently large, then
there exists at least T pairwise coprime primes q = (gq) of norm [] g¢|2y|, with
)\(q) e Uy.
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By definition of Uy, for all prime ideals (g¢) of O(B) with A((q)) € Uy, there

exists v/ € K* such that u(¢ o 7)(¢) € Up,. This implies that for all uu'q € O

for all v € Qg \ {vo,q}, uu' € OF and lun/q /w8 N _ blog < €/ Toes\fuo} [T0lo-

This implies that uu'q € O(B) and (uu'q) = (¢). Furthermore, if (¢) has norm

log; N(q)
bﬂ-UO ! |Uo

N(q) = I[1,cs [o|v, this implies that [uu'q — < €]Tyq |,

. . —1 vlv . .
In particular, by taking b = Lo Mg ofi Tloes o] it follows that there exist T

coprime prime elements f = ¢ € Og with |f — x|, < € for v € S\ {vg} and
|f - xvolvo < 6|‘rvo|vo'

Step 2 for function fields: vy not a rational point. Now it remains to
consider the case where vg is not a k-rational point. By the Hasse-Weil bound, there
exists a place v/ € Qg \ S such that ged(deg(v),deg(v’)) = 1 for every v € S. For
v € S choose a factorisation x, = c‘;‘eg(“")dﬂeg(“/) where ¢,,d, € K¢ and such that
0 < —wv(dy) < deg(vg) and thus |dy|, > 1. Let k be the splitting field of the closed
point v’ and let K be the fraction field of Cy. Denote the complement of S U {v'}
in C' by B’. For every place in S there is a unique place v € Q2 lying above it, by
the coprimality assumption. Let S be the set of places in {2z above the places in S.
Every place v" € Q3 above v’ has degree 1 and thus corresponds to a rational point
on B/E' As we already know that the statement is true if vy is a rational point, we can
apply the lemma to C7, where B/E plays the role of B and ¥’ plays the role of vy, for
some choice of v" € Q above v'. Therefore, for every ez > 0 we can find T’ coprime
prime elements ¢ € O(B/E) such that for every place v € S, we have

|(?—dv|‘5 < €9.

By taking ez < min(|d,|5,1), we ensure that |glz = |dy|5 = \dv|§,“’g(”').

By the Hasse-Weil bound (’)(Bé) has I" 4+ O(I"/?) prime ideals of norm " lying
above completely split primes in O(B’). This is because the Hasse-Weil bound im-
plies that the number of primes ideals in O(B/E) of norm [™ lying above primes in
O(B') which are not completely split is bounded from above by 3~ , (14 +0(1%2)).
Therefore the prime element § can be chosen such that gy := go(q) . ..o =1(g)
is a prime element in O(B'), where o is a generator of Gal(k/k). Note furthermore
that for all v € S and a € K, we have |o(a)|5 = |als, since ¥ is the unique place above
v. Therefore, by the ultrametric triangle inequality, there exist T coprime prime
elements g2 € O(B’) such that

g2 — dyes D) = gy — deE D
< max(|Go(q) . .. o) 2(@)d, — gal5, - . .,
|ddes) — Gades(v)=1 |

deg(v’)—1

<e J[ lo'@ls/min(lds, ..., 0" @)s)

=0

deg(v')— "
_ €2|Zﬂ§eg(v) 1_ €2|q2|geg(ﬂ) 1

forallveS.
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By the same reasoning, for every ¢; > 0 and sufficiently large |cy,|v,, there also
exist T' pairwise coprime prime elements ¢;, pairwise coprime to the chosen prime
elements g9, with

lqn — c3°g<”°>|§cg(”°) < 61|q1|f}°g(“°)71 forallv e S

and
deg de de
Iql - Cvog(v0)|vog(vo) < 61|q1|v()g(v0)v

and |g1gz2|,» = 1. Hence f := g1¢2 is a squarefree element in O(B).
Note that for all v € S the ultrametric triangle inequality implies

|f - xv|v = |Q1Q2 - Cgeg(vo)dgeg(v )|v é maX(|(12\v|(I1 - Cgeg(w)”vv |Q1\U|Q2 - dgeg(v )|7j)

Combining this inequality with the inequalities on |q; — caealvo) |, and |q2 — ddee®) |
gives
|f = @ulo < @]y max (61|Q1|Zl/deg(w’)a62\q2|51/deg(v/))
< el ma (1| /4500, )
for v € S\ {vp} and
|f — o lvg < |Twg |vo max (61762|q2 ;Ol/deg(” )) < Ty oo max(e, €2).

In particular if we choose

€1 =¢/ max (1,|z ~1/ deg(vo)
1 /veS\{vo}( |Zolvlal, )
and

e =€/ max (1,|z

2 /UES\{UO}( 7| v|v)
then f is a squarefree element in O(B) satisfying the desired conditions and by varying
the choices for ¢; and ¢ there are at least T" pairwise coprime elements f satisfying
the conditions. O

Now we prove the analogous statement for function fields of a curve over an infinite
field.

Lemma 3.2.19. Let K be a function field of a regular projective curve C' over an
infinite field k and let S C Qg be a finite set of places containing a distinguished
place vy € S. Forv € S Let x, € KX and let € > 0. Then there exist infinitely many
pairwise coprime separable elements f € O(B) such that

|f — xuly < € for allv e S\ {vo},

where B = C\S. Furthermore, if |Zy,|v, s sufficiently large, depending on € and |z, |,
forv e S\ {vg}, then there exist infinitely many such f which additionally satisfy

‘f - $v0|v0 < 6|$v0|v0.
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Proof. For v € S we write D, for the divisor on C' associated to the place v and g(C)
for the genus of C. Let n > 0 be some integer such that p~" < ¢, where p = char(k) if
k has positive characteristic and p = 2 if k has characteristic 0. For an integer m > 0
and a place v € S\ {vo}, we write

Dvﬂn = mDUO — 'U(IZ'U)D,U — Z nD’f)'
ve€S\{vo,v}

For every place v € S\ {vw}, Riemann-Roch [Liu06, Theorem 7.3.26] implies

h%(Dym) = deg(Dy,m)—g(C)+1and hO(Dy.m—Dy) = deg(Dy m)—deg(D,)—g(C)+1,

as long as deg(D, ) — deg(D,) > 2¢(C) — 2. This inequality is satisfied whenever m
is large enough, so for such m we have

hO(Dv,m) - hO(Dv,m - Dv) Z deg(Dv) Z 1

Therefore there exists an element h, € (’)C(Dv,m) \ OC([)UM — D,) C O(B), which
therefore satisfies v(hy) = v(x,) and |hy|s < € for all & € S\ {vg,v}. Furthermore
we have ||y, < p~™98Pv0) < €|ay, |y, Whenever |z, |y, is sufficiently large. The
divisor R
Dy, = —v0(Tyg ) Doy — Z nD,
veS\{vo}

is very ample if |24, |y, is sufficiently large, as this implies that —v(z,,) is a large
positive integer, so in the same manner we construct h,, € O(B) with vg(hy,) =
00(Tvy) and |Ry, |y < € for all v € S\ {vo}.

For any v € S we have the inequality v(z, — CviLv) < v(w,) for some ¢, € k.
For v € S\ {vo}, by applying the the above construction of h, to =, — ¢, h, instead
of x, we iteratively construct Bv,l, ce, iNLUVT € O(B) and ¢y 1,...,Cyr € k* such that
[hy 1oy -y [Por|s < € forall & € S\ {vo, v}, |hv1lvgs---s [Porlvy < €Tug|v, and

J j—1
v (x'u - Z Cv,iilv,i) <wv (x'u - ch,iﬁv,i>
i=1 i=1
for all j € {1,...,r}. By taking r = v(z,) + n and by setting
r ~
hy = cuihi € O(B),
i=1

the ultrametric triangle inequality implies |h,|s < € for all © € S\ {v,v0}, |hylv, <
€|Tg v, and [hy — ] < €.

In this manner, we also construct h,, € O(B) with |hy,|, < € for all v € S\ {vo}
and |hyy — Ty vy < €|Tvg|vy- If we write h =~ ¢ h,, then it follows that [h—ax,|, <€
for all v € S\ {vo} and |h — Zyy| < €]X4g |- S0 now we have found an h € O(B) with
the desired properties, except for the fact that h need not be separable. We resolve
this by slightly perturbing h, by adding a function to it with small valuations at the
places v € S.

In a similar way as before we use Riemann-Roch to construct g € O(B) satisfying
lglo < eforall v e S\ {vo} and |glv, < €|Tuy|vy, Whenever |z, |y, is sufficiently large,
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such that A and g do not share any zeroes. Additionally, we construct g such that
deg(g) is not divisible by the characteristic of k and such that deg(g) > deg(h). Then
the closed subscheme

X ={h+tg=0} C B xy A},

is integral, since h and g do not share any zeroes. The projection morphism 7: X —
A}C has degree coprime to the characteristic and is therefore separable. By generic
flatness [Stacks, Tag 052A], there exists an nonempty open V C A} such that the
restriction X x,1 V' — V of 7 is flat. Therefore, [Spro8, Proposition 2.4(1)] implies
there exists a nonempty open U C A}C such that the fiber 7=1(c) is geometrically
regular for all ¢ € U. In particular, since k is infinite, there exist infinitely many
¢ € k such that for f = h+cg € O(B) the scheme div(f)N B is geometrically regular,
which proves that f is separable. Furthermore, any two different choices of ¢ € k
yield functions f and f which are coprime to each other. O

3.2.3 Proof of Theorem m

In this section we prove Theorem |1.1.3] and thus completely characterize when a toric
pair (X, M) satisfies M-approximation off a finite set of places T. We will treat the
cases T' # () and T = () separately.

By Corollary we can assume without loss of generality that X is smooth.
Furthermore, by Proposition and Proposition we can also assume and
M = Mpg,. We additionally assume without loss of generality that 9t = M .cq.

The pair (X, M) satisfies M-appproximation off T" if and only if for every finite set
of places S containing T'U Q9, any choice of a point Q, = (¢u,1 -+ : Gu.n) € X(Ky)
and any analytic open neighborhood @, € V,, for every v € S\ T, there exists a
rational point @ = (¢1 : -+ : ¢») € X(K) such that Q € (X, M)(B) and Q €V, for
every v € S\ T. Here B = Qg \ S and (X, M) is the toric integral model of (X, M)
over B. We will write d for the dimension of X, U/ = Gg%z for the open torus in X
and U for its base change to K.

Proof of sufficiency of the conditions. We will first show that (X, M) satisfies M-
approximation off T if T # 0 and [N : Ny| € p(K,C) or T = () and N = Nj,.
The majority of the proofs of the two cases are the same, with only the last part of
the proofs differing. The Cox morphism 7: ) — X', introduced in Section|[3.1] induces
for every v € S\ T a continuous map Y(K,) — X(K,). Therefore, there exists € > 0
such that if for any Q@ = (¢1 : - -+ : ¢n) € X (K) is a point such that |¢; — gy i|v < €|qu.ilv
forallie {1,...,n}and v e S\ T, then Q € V,, for all v € S\ T.

We will now show that we can reduce to the case where mult, (Q,) € Ny, for all
veS\T. If p(K,C) = {1} or T = (), then this is trivially true since then Nj; = N.
In particular, we only need to show this when K is a function field.

If K is a function field, Lemma implies that Pic(C \ T) is |N : Nl
divisible. This means that for every divisor D on C'\ T, there is u € K* such that
D + divu = |[N : Np|D’ for some divisor D’ on C \ T. Therefore, there exists
u=(up:- - :uy) with ui,...,u, € K* such that mult,(vige1 : - : UnGun) € Nu
for all v € S\ T and mult,(u) € Ny for all v € Qx> \ S. Let S” be the finite set
consisting of the places in S together with all places v for which mult,(u) # 0. For
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veS\T, we set
Q; = (ulqv,l N unq'u,n)

and V, = uV,, and set Q) = u and V] = uld(O,) for v € S’ \ S, where the multipli-
cation is done coordinate-wise. If there exists Q' € (X, M)(B’), where B’ = C'\ ',
such that Q' € V/ for allv € S, then Q = u='Q’ € U(O,) for all v € S§’\ S. Therefore
Q satisfies Q € (X, M)(B) and Q €V, for all v € S, as desired.

If K is a number field, we simply let S’ =S, Q) = Q, and V] =V, forv € S\ T.

Choose my,...,m; € MM such that ¢(my),...,d(m;) generate Ny; as a lattice.
If T =0 and N]E = N assume furthermore that they generate IV as a monoid. Let
g = anfzd be the torus as in Section and let m, € O, be a uniformizer for all
v e S\T. For a place v € S\ T, we are going to construct ¢m, v, --;Cm;0 € K
such that we have

[Tzt s o celi) = Q1= (b -+ 2 a0, (3:2:5)
s=1

in Cox coordinates, where the multiplication is defined coordinate-wise. This is equiv-
alent to the existence of (t1,...,t,) € G(K,) for which

1
[Tt ooty = (ot (oo o),

s=1

where the products are again defined by coordinate-wise multiplication.
By the definition of G this is equivalent to

n 1 (np,i ,e5)
H((nd&Q/QJ 1
=1 s=1

for every j = 1,...,d, where {ej1,...,eq} is a basis of N. This, in turn is equivalent

to
l n
H Cﬁfif‘;sL?}) — H q;),i<npi 76]')
s=1 i=1

for every j = 1,...,d. If we write v; 5 = (¢(m,),e;) and a; = [[\, q;’im”i’e” this

equation becomes
l
Vi
H Cmsw = Q5.
s=1

The d x [ matrix I with entries v, ; induces a group homomorphism Iy, : (KX)! —
(K)? = U(K,) given by

! !
Yd,s
(c1y...y0) — (ch“,...,ncs ) ,
s=1 s=1

where the latter isomorphism is given by the choice of basis of N.  Since
¢(my),...,¢(my) span Ny and [N : Ny| € p(K,C), this homomorphism restricts
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to a surjective group homomorphism (OX)! — (0X)9. Since K} = Z x O, the
image of ', is exactly the points Q@ € U(K,) for which mult,(Q) € Njs. Since
multy,(gu1 : -+ qun) € Npy for all v € S\ T, for each place v € S\ T we can find
Cmy,vs-- -5 Cmy,0 € K satisfying condition (3.2.5)).

Now we distinguish between whether T # () or T = (). If T' # (), then by Lemma
[B:2.16)if K is a global field and by Lemma[3:2.19]if K is another function field, we can
find coprime squarefree elements cm,,...cm, € O(B) such that |¢m,;/Cm;» — 1o <

—1
€ (lezl ms,i> and |em, |v < |emy,ilo for every v € S\ T.
Therefore if we take Q' = (g, ..., q,) € (X, M)(B) where

l

g =[] e € O(B),

s=1

then |q; —q;, ;v = | Hi:l Cot — Hi:l Cm |y < €lq, ;|»- Here we used the elementary
fact that for any tuple ai,...,a, € K, with |a;], < 1, we have |H:=1 a; — 1], <
> la; — 1], Therefore implies that Q' € V/ for all v € S\ T, as desired.
Now we assume T’ = () and we assume N = N]t[. Without loss of generality we
assume that S contains a place vy, which is an infinite place if K is a number field.
Since ¢(m1),...,¢(m;) generate N as a monoid, there exist integers dy,...,d; > 0
such that Zi:l d;¢p(m;) = 0. Therefore for the place v9 € S we can rescale the
constants ¢m, vy 10 Cmy e = 7% Cm; 0, for some integer C > 0 and r € K,, with
|7y, > 1, without changing the K, -rational point defined, since in the torus we have
1 !
I Gt oo eitt) = T (0% emn) ™ o005 (0, )™)

k=1 k

where the products are defined by the action of the torus on itself. Therefore for every
€ > 0, by taking C' large enough we can apply the stronger form of Lemma [3.2.16| for
global fields and Lemma [3.2.19| for other function fields to get a lifting ¢y, € O(B)
satisfying

I -1
|Cmi/Cmi,’U — 1|1J <€ (Z ms,i>
s=1

for every v € S\ {vo} as before, but with the additional condition that

-1

!
[€m, (cmi’vTCdi)—l —1]y <e (Z ms,i)
s=1

Thus if we define Q' = (¢} : --- : ¢},) € (X, M)(B) where

l
’ M,
qi = H ka 9
k=1
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as before, then @' € V for all v € S when € is chosen sufficiently small. Therefore
(X, M) satisfies M-approximation. O

Proof of necessity of [N : Nas| € p(K,C) when Pic(C) is finitely generated and T # ().
Now we will prove that if Pic(C) is finitely generated and |N : Ny| € p(K,C), then
(X, M) does not satisfy M-approximation off T' for any finite set of places T' C Q.
Since Pic(C) is finitely generated, we can find a finite set of places S C Q containing
the infinite places such that B = Qp \ S satisfies Pic(B) = 1. We will show that this
implies that for every finite set of places T C S, the toric integral model (X, M)
does not satisfy integral M-approximation off T. By Proposition this in turn
implies that (X, M) does not satisfy M-approximation off T. Since every finite set
of places T is contained in a subset S with Pic(B) = 1, (X, M) does not satisfy
M-approximation off T' for every finite set of places T.

Let my,...,m; generate Nj; as before in the proof of the sufficiency of the condi-
tion. Additionally, we first assume that |N : Njs| is not a power of the characteristic
of K. By Proposition the image of the set (X, M)(B) C X(K) is contained in
the image of the map

U(B) x (O(B)\ {0})' = X(K)

given by

l l
(uy : - up), (ar, ... @) — (m ITar i Ha?m> :
i=1 i=1

where U = an,z is the open torus in X. In particular, if (X, M) were to satisfy
integral M-approximation off T', then the induced map

gs:U(B) x [T ) = ] Uk

veSs’ veSs’

would be surjective for any finite set of places S C Qk \ S.

As in the proof of the sufficiency of N = Ny, for M-approximation off T, let
{e1,...,eq} be a basis of N and T' be the d x | matrix with coefficients v, s =
(¢(ms), ;). The isomorphism N 22 Z? induced by the choice of this basis induces an
isomorphism U(k,) = (kX)¢ for all v € Q. Under this isomorphism, the homomor-
phism (kX)! — U(k,)

l l
((11, ceey CL[) — <H a,;ni’l e Ha?”’")
i=1

=1

is given by the homomorphism T, : (kX)! — (kX)? induced by the matrix I'. Since
N : Ny| & p(K,C), Tk, is not surjective for infinitely many choices of v € Q.
If K is a global field, then U(B) is finitely generated, say by t elements. Then gg
cannot be surjective for any finite set of places S’ containing strictly more than ¢
places v € Qg \ S for which I'y, is not surjective.

Now assume that K is a function field of a curve C over a field k. If gg/ is
surjective, then the induced homomorphism

{(feudB) | f)=0::yx I &)= ] uk)

veS"\{v'} veS\{v'}



64 3. Split toric varieties and M-approximation

is also surjective, where f(v’) is the image of f in U(k, ). We now give an analogous
argument as for global fields. The group {f € U(B) | f(v') = (1 : --- : 1)} injects
into U(B)/U(k), since if f(v') = (1 :---: 1) and g € U(k) \ {(1 : 1)}, then
(f-9)(@)# (1 :---:1). Therefore, since U(B )/Z/I(k) =~ (0O(B)* /(9( ) )d is finitely
generated, the group {f € U(B) | f( N=(@1: : 1)} is finitely generated as well.
Suppose that it is generated by ¢ elements, then gs cannot be surjective as soon as
it contains strictly more than ¢ 4+ 1 places v for which I, is not surjective.

Finally, if [N : Njs| is a power of the characteristic of K, the argument given above
might not work, since in this case I'y,, could be surjective for all v € Q. However there
are still infinitely many places v € Qx such that the map (OX)! — (0X)¢ induced
by I' is not surjective. Therefore, the argument is easily amended by replacing the
role of k, by O, /x7» for these places v, where 7, is a uniformizer and n,, is the least
positive integer such that the homomorphism ((O, /77 )*)! — ((O, /7" )*)¢ is not
surjective.

O

Proof of necessity of N = Ny, when T = (). Now we will show that if (X, M) satisfies
M-approximation, then N]\J} = N. We argue by contradiction and assume N]\JCI # N.
Then we have Nj; # N or N]\'Z)R # N ®zR, where NA'Z)R is the convex cone generated
by Nj;. This follows from the fact that N]JV“UR = N ®z R implies that N}, contains a
lattice of finite index in N, so combined with Njp; = N this gives N;; = N.

First we assume N # Ny;. If K is a global field, then we have seen that this as-
sumption implies that (X, M) does not satisfy M-approximation off T' for 7' nonempty,
since then p(K,C) = 1. Thus we assume that K is a function field of a curve, and
we consider the map U(K) — N given by P~ > o ¢,(P), where ¢, is defined
as in . By Proposition [3.2.4] this map is identically zero, as degdiv(f) = 0 in
Pic(C) for any f € K*. Furthermore, if P € (X, M)(O,) for some place v € Q3>,
then ¢, (P) € Ny by definition of Nj;. In particular, if ¢, (Q,) = 0 for some place
v e Sand a € N\ Ny, and ¢,(Q,) =0 for all v € S\ {v'}, then these points cannot
be all simultaneously well approximated by some Q € (X, M)(B). This is because
the equality ¢,(Q) = ¢,(Q.) for all v € S is incompatible with ) o ¢,(Q) = 0.
Thus (X, M) does not satisfy M-approximation.

Now we assume NJER # N ®z R. The cone NI\J;I]R is contained in some half space
H of N ®z R, which is ’given as ,

d
H= {inei

i=1

d

Zaiaﬁi 20} C N ®z R,

i=1

where the ey, ..., eq form a basis of N and a1,...,aq € R, not all zero.

Let S be a nonempty set of places containing Q5 and let Q € (X, M)(B). Un-
der the isomorphism U(K) = (K*)? induced by the choice of basis of N given
above, we can write Q = (z1,...,24) € (KX)% Since Q € (X, M)(B), we have
by Proposition that Z?Zl a;v(z;) > 0 for every i € {1,...,d} and every place
v € Qg \ S. Furthermore, the product formula gives [ |zil, = 1 and thus we

d
see HUES Hi:l |

which are sent to (Ty1,...,%pd) € (Kvx)d under the isomorphism induced by N,

vEQK
% > 1. However for v € S, we can consider points @, € X(K,)
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such that [[,cq Hl Lzoil® < 1. Such a tuple (Qy)ves cannot lie in the clo-
sure of the map (X, M)(B) — [],cqU(K,), and hence (X, M) does not satisfy
M-approximation. O

3.2.4 Integral M-approximation on toric varieties

For completeness, we also characterize when integral M-approximation holds on a
toric variety.

Proposition 3.2.20. Let X be a complete normal split toric variety and let T C Qg
be a finite set of places. If (X, M) satisfies M -approximation off T, then the toric
integral model (X, M) satisfies integral M-approzimation off T if and only if Myeq is
contained in the closure of Mgy,

Proof. By Proposition (X, M) satisfies integral M-approximation off T" if and
only if (X, Mgy)(O,) is dense in (X, M)(O,) for all v € Qi \ T and by Corollary
3.2.1] we can assume X is smooth. By Proposition [2.1.2] mult, is continuous, so
a point P € (X, M)(O,) can only lie in the closure of (X, Mg,)(O,) if mult,(P)
lies in the closure of Mg,. Since the image of (X, M)(O,) under mult, is Myeq,
this shows that integral M-approximation off T can only hold if 9,.q is contained
in the closure of imﬁn Conversely, if P = (a;7™ : -+ : a,7™) with 7 € O, a
uniformizer, ai,...,a, € O, and (my,...,m,) € Mgy, we can choose a sequence
((maj, ... amn,j))jEN in Mg, converging to (mq,...,my). By setting P; = (a3m™ :

L apmmmi) € (X, Mgy)(O,) we obtain a sequence converging to P, finishing the
proof. O

3.3 The M-Hilbert property and split toric vari-
eties

While the previous section considered the situation where M-points are plentiful,
in this section we will consider when the set of such points is thin. We will also
investigate the different degrees of thinness that these sets have. For example, by
Dirichlet’s unit theorem [Nar04, Theorem 3.12], G,,,(Ok) is finitely generated if K is
a number field, while the set of squares in G,,,(K) is not finitely generated as a group.
Therefore, the former can be thought of as ‘thinner’ than the latter. We introduce
several variants of thinness, which allows us to make this idea precise.

Definition 3.3.1. Let X be an integral variety over K, let A C X(K) and let d > 1
be an integer. We say that A is of type II(d) if there is an integral variety Y with
dimY = dim X and a generically finite morphism f: Y — X of degree > d such that
A C f(Y(K)). We say that A is d-thin if it is a finite union of sets of type I and II(d),
where type I is defined as in Definition [2:2.16] We say that A is strictly d-thin if the
morphisms f have degree exactly d.

We also introduce a notion of thinness which is preserved under taking inverse
images of dominant morphisms.
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Definition 3.3.2. Let K be a field, X an integral variety and let A C X(K) be a
subset. Then we say that A is stably thin if for every dominant morphism f: Y — X
of integral varieties over K, f~'A C Y(K) is thin.

This property is preserved under many operations. For example, in the above
situation, f~'A is also stably thin. A stably thin set can be viewed as a sort of
“oo-thin” set, as the next proposition shows.

Proposition 3.3.3. Let K be a field, X an integral variety and let A C X(K) be a
subset. Then A is stably thin if and only if it is d-thin for every d > 1.

Proof. We first prove by induction that if A is stably thin, then it is d-thin for every
d > 1. Assume that A is stably thin and that A is d-thin for some d > 1. Then there
is an integer n > 1 and for each i € {1,...,n} a morphism f;: ¥; — X of integral
K-varieties of degree at least d such that A\ A" C JI, f;(Yi(K)), for some subset
A’ C A which is not Zariski dense in X. Since A is stably thin, B;: = f; ' (A) is thin
for each i € {1,...,n}, so we see that A is 2d-thin. Since any stably thin set is 2-thin,
this implies by induction that any stably thin set is d-thin for every integer d > 1.

Conversely, assume A is d-thin for every d > 1 and let g: Z — X be a dominant
morphism of integral varieties over K. Then the algebraic closure of the function
field K(X) in K(Z) is a finite extension of degree [. For a generically finite morphism
f:Y — X of degree d > [, and for every irreducible component Y’ of (Y Xx Z);ed,
consider the induced morphism Y’ — Z. This is a generically finite morphism, since
the restriction f~1U — U is finite for some dense open U C X so (f 'U X x Z)rea —
Z xx U is finite. The degree of Y’ — Z is at least 2, since K(Y”’) contains a finite
extension of K (X) of degree d, which cannot be contained in K(Z).

Since A is d-thin, there exists an integer n, a subset A’ C A which is not Zariski
dense and for i € {1,...,n} a dominant generically finite morphism f;: ¥; — X of
integral K-varieties such that A\ A" C JI, f;(Yi(K)) and each f; has degree at least
d > l. Denote the irreducible components of (Y; X x Z);eca by Yl’] and the induced
morphisms to Z by fi;: Yz; — Z. The set ¢g~'A’ is not Zariski dense in Z, and
by construction g71(A\ A’) C Us; fis (Y;(K)). Thus we see that g 1A is thin and
therefore A is stably thin. O

Rational points on abelian varieties and integral points on tori give examples of
stably thin sets, as the next example shows.

Example 3.3.4. Let A be a finitely generated subgroup of G(K) for an semiabelian
variety G of positive dimension over a field K. For example, A = G(K) when K is
a global field and G is an abelian variety. Then for any integer d > 1, the group
A/dA is finite. Let aq,...,a, € A be a set of representatives for the classes in A/dA.
If a € dA + a; for some i € {1,...,n}, then it is the image of a K-point under the
morphism G — G given by multiplication by d followed by translating by a;. This
morphism has degree divisible by d, so A is d-thin. As d was arbitrary, this implies
that A is stably thin.

This notion gives a way to formalize the intuition that for a number field K there
are more integer squares in G,,(K) than integral units G,,(Ox) C G, (K). The
former is thin, but probably not 3-thin, while the latter is stably thin.
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Theorem 3.3.5. Let (K,C) be a PF field such that Pic(C) is finitely generated and
let d > 1 be an integer. If K is a function field assume that (k*)/(k*)? is finite. Let
(X, M) be a toric pair where X is a normal complete split toric variety over K and
let (X, M) be any integral model over B. Let Nys be the lattice as in Definition .
Then

1. if Ny has finite index in N and d divides [N : Ny, then (X, M)(B) C X(K)
is strictly d-thin.

2. if Njs does not have finite index in N, then (X, M)(B) is stably thin.

3. in the function field case, if (X, M) is the toric integral model and N]J\ZI # N,
then (X, M)(C) C X(K) is stably thin.

Furthermore, if (X, M) 1is the toric integral model and G,,(B) is finile, then
(X, M)(B) is not Zariski dense in X if and only if (X, M)(B) is stably thin.

Remark 3.3.6. If (K,C) is a function field of a curve and d € p(K,C), then
(k*)/(k*)? is trivial or has order 2. If k is perfect of characteristic p, then (k*)? = k*.

Remark 3.3.7. If the group G,,(B) is infinite, then the points on the toric integral
model (X, M)(B) are always Zariski dense, so Theoremcompletely characterizes
when the M-points on a toric integral model are Zariski dense. Furthermore, the
group G,,(B) is finite if and only if K = Q or an imaginary quadratic number field
and B = Spec Ok, or K = k(C) for k a finite field and C \ B contains at most one
point.

Proof. Note that in the first two statements B can be chosen as small as we want,
since B’ C B implies (X, M)(B’) D (X, M)(B). Thus it follows from Proposition
that we can assume without loss of generality that (X, M) is the toric integral
model, and for the first two statements we can assume that Pic(B) is trivial. We can
also assume that M = Mg, without loss of generality. Since for a toric resolution of
singularities f: Y — X with f~'D; Cartier for all i = 1,...,n, the set (X, M)(B) is
thin if and only if (Y, f*M)(B) is thin, we can assume that X is smooth.

Assume that Ny # N, |N : Nyy| is finite, d > 1 divides |N : Nj| and K
is a global field or (k*)/(k*)? is finite. Then U(B)/U(B)? is finite, where U =
Gfribf’bx, since O(B)* is finitely generated when K is a global field and O(B)* /k*
is finitely generated when K is a function field. There exists a lattice N’ such that
Ny € N’ C N such that [N : N’| = d and so, using the surjectivity of ¢ proven in
Proposition we can choose M C M’ such that |N : Npy/| = d. The inclusion
M C M’ implies (X, M)(B) C (X, M')(B), and thus it suffices to consider the case
d = |N : Ny|. By intersecting the fan of X with Nj;, we get a new complete
normal split toric variety X,; and a degree d morphism X,; — X. By a resolution
of singularities X’ — X, we find a degree d morphism f: X’ — X of smooth
complete split toric varieties. By Proposition it follows that for every place
v € B and point P € (X, M)(O,), there exists P’ € (X', f*M)(0,) C X'(K,) such
that ¢,(P) = ¢, (f(P’)). Since we assumed Pic(B) is trivial, this means that for all
P € (X, M)(B) there exists P’ € X'(K) such that ¢,(P) = ¢,(f(P’)) for all v € B.
Thus we see by Proposition that the image of f contains an element from every
U(B)-orbit in (X, M)(B). The image of U'(B) in U(B), where U’ is the torus in
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X', contains U(B)? C U(B) and by the assumption on d we know that U(B)/U(B)?
is finite. Therefore H = U(B)/fU'(B)) is finite, and by choosing representatives
Uy ..., ur € U(B) for H, we find degree d morphisms

fiIX/—>X

defined by P’ +— u;f(P’) for P’ € X'(K), so that every point in (X, M)(B) lies in
the image of one of the f;. This proves the first statement.

Now assume that Nj; does not have finite index in N. Then there exists an
embedding Ny, — Z4mX=1 x {0} ¢ Z4mX =~ N. By Proposition this implies
that there is an embedding (X', M)(B) C GImX-1(K) x G,,(B) C GS™X(K). Since
G (B) is finitely generated if K is a global field, and otherwise G,,,(B)/k* is finitely
generated, Gm(B)/(Gm(B)dl is finite for every integer [ > 0. Thus G,,(B) is d'-thin
for every [ > 0 and therefore by Proposition |3.3.3|implies that it is a stably thin subset
of G,,,(K). Therefore (X, M)(B) is also a stably thin subset of X (K). If furthermore
G (B) is finite and thus not Zariski dense in G,,, then (X, M)(B) is not Zariski
dense in X.

Now we prove the third statement, so we assume that B = C and N, # Nu.
Let N’ be the largest lattice contained in Nﬁv}. N’ does not have finite index in N
since otherwise the cone generated by NAJ} would be Ng, which implies N3, = Nyy;.
Since any P € U(K) satisfies > .o #»(P) = 0 by the product formula, any P €
(X, M)(C) satisfies ¢, (P) € N’ for all v € Q. Let (X, M’) be the largest toric pair
contained in (X, M) such that ¢, (P) € N’ forall P € (X, M')(O,). Then (X, M')(C)
contains (X, M)(C) and it is a stably thin subset of X (K) since N’ = Ny does not
have finite index in N. If G,,(C) is finite, then (X, M')(C) is not Zariski dense in X,
and thus (X, M)(C) is not Zariski dense in X either. O

Remark 3.3.8. The assumption on the finiteness of (£*)/(k*)¢ in Theorem is
satisfied by many fields, such as

1. d-closed fields, such as separably closed fields if char(k) 1 d,

2. perfect fields if d is a power of char(k),

3. finite fields,

4. real closed fields,

5. local fields if char(k) { d [CF67, Chapter I, Section 1, Proposition 5],

6. Euclidean fields if d is a power of 2.
Remark 3.3.9. The generically finite morphisms used in the proof of Theorem [3.3.5
are ramified since any complete toric variety is geometrically simply connected [SGA1]
Exposé XI, Corollaire 1.2]. Therefore the thin sets in the theorem are strongly thin

as defined in [BFP23|.

We now prove Corollary by specializing Theorem to global fields.
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Proof of Corollary[1.1.9. First assume T # (. By Theorem the toric pair
(X, M) satisfies M-approximation off T' if and only if N = Nj;. By Theorem
this implies the 9M-Hilbert property over B for any integral model (X', M) of (X, M)
satisfying (X, M)(B) # 0. On the other hand Theorem [3.3.5 implies that (X, M)(B)
is thin if N # Ny, so (X, M)(B) is thin if and only if N # Nyy.

Now we assume 7' = ). Then Theorem implies that the toric pair (X, M)
satisfies M-approximation if and ounly if Ny, = N. If (¥, M) is the toric integral
model of (X, M) and N # Nj;, then Theoremimplies that (X, M)(DB) is stably
thin. O

In Theorem the condition on the finiteness of (k*)/(k*)¢ is necessary for
the result to be true, as the next proposition shows that the M-Hilbert property is
always satisfied on a split toric variety for a function field K = k(C), where k is
a Hilbertian field of characteristic zero. See [FJ05, Chapter 12] for background on
Hilbertian fields.

Proposition 3.3.10. Let (K,C) be a PF field, where C is a curve over an Hilbertian
field k of characteristic zero. Let X be a proper integral variety over k with X (k) not
thin and let X = X x C. Let (X, M) be a pair over (K,C) such that D, # X for
all a € A. Then the set (X, M)(C) C X(K) is not thin.

Proof. As the closed subschemes D, are all proper closed subsets of X, U = X \4e
D, is a dense open. The constant sections of U x C' — C' correspond to the k-rational
points on U. These are M-points, as they avoid the closed subschemes D, = D, x; C
entirely so U(k) C (X, M°)(C). By [BFP23, Theorem 1.1], U(k) is not a thin subset
of X (K) since K/k is a finitely generated extension. Thus (X', M)(C) is not thin. O

Using Theorem [T.1.3] and Theorem [3.3.5 we can produce examples over some PF
fields where integral M-approximation does not imply the M-Hilbert property, in
contrast to the situation over global fields.

Corollary 3.3.11. Let (K,C) be a PF field with p(K,C) # 1, let T C Qg be a
nonempty finite set of places, and set B = C\ (T NC). Let (X, M) be a toric pair
with M = Mgy, and |N : Ny | € p(K,C), Ny # N. Then the toric integral model
(X, M) satisfies integral M-approzimation off T, but (X, M)(B) is thin.

Proof. Combine Theorem [T.1.3]and Theorem [3.3.5 together with the observation that
the ground field of C satisfies k% = (k*)/V:Nu| by Lemma [3.2.12 since |N : Ny| €
p(K,C). O

Example 3.3.12. For any smooth split toric variety U over K such that Pic(U)
contains torsion, the B-integral points on the toric integral model U are thin for any
nonempty open B C C. This follows from combining Theorem [3.3.5| with Proposition
However, as we will see in Corollary U still satisfies strong approximation

off any single place if the orders of torsion in Pic(U) are contained in p(K,C) and
X

O(Xz)* =K~

Corollary [3.3.11] leaves several natural questions on potential extensions of Theo-
rem [LTT1
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Question 3.3.13. Let (K, C) be a PF field with p(K,C) = {1}. Let (X, M) be a pair
over (K, C) with integral model (X, M) over B C C, such that X is a geometrically
integral variety and D, # X for any o € A. Suppose that (X, M) satisfies integral
M-approximation off a finite set of places T' C Qx and (X, M)(B) # 0. Does (X, M)
satisfy the M-Hilbert property over B?

In order to obtain pairs satisfying integral M-approximation but failing the M-
Hilbert property in Corollary [3.3.11] we needed to take T # (J, so it also makes sense
to ask the following variant of the previous question.

Question 3.3.14. Let (K, C) be a PF field with p(K,C) # {1} and let T' = (). With
the other assumptions as in Question [3.3.13] does (X, M) satisfy the M-Hilbert
property over B?

In the setting of split toric varieties, it seems likely that the results for the M-
Hilbert property should extend, so we pose the following conjecture.

Conjecture 3.3.15. Let (K,C) be a PF field and let (X, M) be a toric pair. If
Ny = N, then the toric integral model (X, M) satisfies the M-Hilbert property over
any open B C C. If furthermore Ny, = N, then (X, M) satisfies the M-Hilbert
property over C'.

3.4 Strong approximation and M-approximation
for Campana points

In this section we will consider special cases of Theorem and its implications for
integral points, Campana points and Darmon points on split toric varieties.

If a toric pair (X, M) encodes the integrality condition of an open V' C X, then
the lattice Ny, is related to the fundamental group of V.

Proposition 3.4.1. Let K be a PF field of characteristic 0, let X be a complete
normal split toric variety over K and let V.C X be an open toric subvariety.

If (X, M) is the toric pair corresponding to V- C X as in the first example |l| of
Section[2.1.4), then there exists an isomorphism of profinite groups

7T1(V?> = N/NM,

where w1 (V) is the étale fundamental group of Vi and m is the profinite com-
pletion of N/Nyy.

Furthermore, the only regular functions on Vi are constant if and only if the cone
generated by NAJCI 18 Ng.

Proof. By [Stacks, Tag 0A49] we have a natural isomorphism 7 (V%) = m(Vc) of
étale fundamental groups, where V¢ is the toric variety over C with the same fan as
U. Now the isomorphism follows directly from |[CLS11, Theorem 12.1.10].

Note that the cone generated by NAZ is exactly the support |Xy| of the fan Xy
defining V, as defined in [CLS11} Definition 3.1.2]. By [CLS11, Exercise 4.3.4], which
generalizes to arbitrary fields, |X| = Ng is equivalent to O(V) = K. O
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Proof of Corollary[1.1.6, Combine Proposition with Theorem [I.1.3 O

The description of the fundamental group given in Proposition does not hold
if K has positive characteristic, since then even the affine line AL has an infinite
fundamental group (see e.g. [Kuml4, Theorem 1.1]). Nevertheless, a similar weaker
result is still true if one considers only covers of degree coprime to char(K), see Remark
B:5.9] The following corollary gives another characterisation of strong approximation,
which is also valid in positive characteristic.

Corollary 3.4.2. Let (K,C) be a PF field, let V be a smooth split toric variety, and
let T C Qg be a nonempty finite set of places.

1. The variety V satisfies strong approzimation off T if O(X%)* = K" and
| Pic(V)tors| € p(K, C), where Pic(V)iors is the torsion subgroup of Pic(V'). The
converse also holds if Pic(C) is finitely generated.

2. The variety V satisfies strong approzimation if and only if O(V) = K and
Pic(V) is torsion-free.

Proof. Choose a smooth toric compactification V' C X. The first claim is a direct
consequence of Proposition [3.1.7] and Theorem [1.1.3] while the second one follows
from combining these results with |[CLS11| Exercise 4.3.4] (which holds over general
fields). The last claim follows from |CLS11, Proposition 4.2.5] (where we note that
the result is independent of the field.) O

Remark 3.4.3. By |CLS11, Proposition 4.2.5], which generalizes to arbitrary fields,
any toric variety whose fan contains a cone of maximal dimension has a torsion-free
Picard group. By using a resolution of singularities, Corollary implies that a
normal affine toric variety V satisfies strong approximation off a nonempty set of
places T if and only if it does not have torus factors.

Over number fields, we have yet another characterisation of strong approximation
for toric varieties.

Corollary 3.4.4. Let K be a number field, let V' be a smooth split toric variety and
let T C Qg be a nonempty finite set of places. Then the following are equivalent:

1. The variety V satisfies strong approximation off T.
2. Br(V)/Brog(V) = 0.
3. BI’l(V)/B]."o(V) =0.

Here, Br(V) is the Brauer group of V, Bri(V) = ker(Br(V) — Br(V%)) is the al-
gebraic Brauer group, and Bro(V) = im(Br(K) — Br(V)) consists of the constant
elements in Br(V). If V satisfies any of the above conditions (1)-(3), then V satisfies
strong approximation if and only if O(V) = K.

Proof. We choose a smooth toric compactification V' C X. If (X, M) is the pair
corresponding to integral points on V', then by Theorem V' satisfies strong
approximation if and only if N = N,;. By |[DF93| Corollary 1.3], N = Nj; implies
that the transcendental Brauer group Br(Vg) = Br(V)/Br(V) is trivial.
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If V has a torus factor, then V = V' x G,, for some split toric variety V’. So
since Bry(G},)/ Bro(Gl)) is nontrivial, it follows that Bry(V)/Bro(V) 2 0. If V does
not have torus factors, then [CS21| Proposition 5.4.2, Remark 5.4.3(3)] implies that
Bry(V)/Bro(V) = H'(K,Pic V). The Galois cohomology group H'(K,Pic V) is
trivial if and only if Pic Viz = Pic V' is torsion-free, since Gal(K /K) acts trivially on
Pic V. Now the equivalence of the statements follows from Corollary O

Using the above criteria for strong approximation, we can characterize when M-
approximation is satisfied for Campana points. Now we will use Theorem to
prove Corollary characterising M-approximation for Campana points.

Proof of Corollary[1.1.8 Let (X, M’) be the pair associated with the integral points
on V. Then M C M’ by definition. Thus if X satisfies M-approximation off T, then
V satisfies strong approximation off T' by Proposition [2.2.12] Conversely assume that
V satisfies strong approximation off T'.

Now we set m = maxy,,<o0(m;). If X is smooth then m;n,,, (m; + 1)n,, € Ny
for all ¢ € {1,...,n} with m; < oo, so n,. € Ny and thus Ny = Ny, so M-
approximation holds if T'# () by Theorem - If furthermore T' = (), then N7, w =N
by Corollary |3 Thus every element ¢ € N can be written as ¢ = > | cmp for
some ¢; > 0 With ¢; = 0 if m; = oo, and therefore we have m/c € N+ for m’ > m.
Thus ¢ = (m + 1)c + m(—c) € N}, showing that (X, M) satisfies M—approximation
off T if X is smooth.

If X is singular, then we consider a toric resolution of singularities f: X — X.
For every torus-invariant prime divisor D with f (ﬁ) Z X\V, D ¢ f~'D; for any
i € {1,...,n} with m; = oo. Denote the Zariski closure of D in the toric integral
model X of X by D. For each divisor D; on X with D C f~!D; as schemes, we have

(D, P) < ny(f ' Di, P) = n,(Dy, f(P))

for all v € Q%™ and P € ( »), where the equality is due to Proposition [2.1.31
This gives the inclusion (X, M) C (X, f~'M), where M is the Campana condition
for the divisor

- n 1\ - n N
D = Z <1 m)Dﬁ ; D;,
f(Ds )(ZX\V F(Di)cX\V

where D1, ..., Dy are the torus-invariant prime divisors on X. Since V satisfies
strong approxunatlon off T, V xx X C X also satisfies strong approximation off T'
by Corollary |3 Since X is smooth, the first part of the proof implies (X, M)
satisfies M -approx1mat10n off T and thus (X, f~'M) satisfies f~!M-approximation.
Now Corollary u implies (X, M) satisfies M-approximation. O

3.5 Darmon points and root stacks

For smooth split toric varieties, we can generalize the connection between the fun-
damental group and strong approximation to M-approximation for Darmon points,
using root stacks.
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Definition 3.5.1. Let X be a scheme and let

for distinct prime Cartier divisors D1, ..., D, on X and integers mq,...,m, € N* U
{o0}. Then We define the root stack associated to (X, Dm) to be

D,

(X, VD)= (X L_J D)

m;=00

where the right hand side is as defined in [Cad07, Definition 2.2.4]. Here m = (m;);es
and D = (D;)ier, where I = {i € {1,...,n} | m; # oo}.

The root stack (X, ¥/D) is an algebraic stack which is Deligne-Mumford if
mi,...,my € O(X)* |[Cad07, Theorem 2.3.3]. It comes with a morphism

(X, ¥D) — X,

which is an isomorphism over U. For i € {1,...,n} with m; < oo, the pullback of D;
along this morphism is m; - %Di, where %Di is a prime Cartier divisor on (X, Dy,).
Thus the morphism (X, /D) — X an isomorphism over U and it is ramified over D;
with multiplicity m; for every ¢ € {1,...,n} with m; < oo. The following proposition
illustrates the close relationship between root stacks and Darmon points.

Proposition 3.5.2. Let (K,C) be a PF field, let B C C be a nonempty open subset
and let X be a proper variety over K with an integral model X over B. Let Dy, =

Sy (1 — w%) D; formq,...,my, € N*U{oco} and prime Cartier divisors D1, ..., D,

on X. Letv € B, let T C Qg be a finite set of places, and let R be O,, AL, AL
or a field extension L of K. For every place v € B, the Darmon points over R on
(X, D) as in Definition[2.1.19 are exactly the points P € X (R) such that there exists
a factorisation

(3.5.1)

Spec R » (X, /D)
ol
X.

Moreover, if the divisors D; pull back to Cartier divisors on Spec R, then the above
factorisation is unique.

In particular, if P: B — X is a morphism such that Pic(B) = 0 or imP ¢
Ui_, Di, then P is a Darmon point on (X, Dy) if and only if P factors through the

root stack as in (3.5.1)).

Proof. For i € {1,...,n}, let L By the definition of (X, ¥/D) and |[Cad07, Remark
2.2.2, Remark 2.2.5], a morphism Spec R — (X, ¥/D) is determined by a morphism
P: Spec R — X \U"i=1 D; together with isomorphism classes (L1,51), ..., (Ln, Sn)

of line bundles on Spec R with a given global section and isomorphisms ¢; : L?mi —
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P*O(D;) such that ¢;(s;"") = P*lp,, where 1p, denotes the canonical section of
O(D;). Since Pic(R) is trivial, which for the adelic rings follows from Proposition
the line bundles P*O(D;) are trivial and thus the isomorphism classes just
correspond to ideals on R. Thus the factorisation exists if and only if for all ¢ with
m; # oo the ideal defining the closed subscheme P N'D C Spec R is an m;-th power
of an ideal (which is uniquely determined by this property).

If the image of P is not contained in (J! ,D;, then the pullbacks
(P*D1,P*s1),...,(P*D,, P*s,) all exist as effective Cartier divisors and thus cor-
respond to invertible ideals on R. For ¢ € {1,...,n}, any automorphism of P*D;
fixing P*s; corresponds to an automorphism of R-modules R — R fixing a nonzero
divisor, and is therefore trivial. Thus the factorisation is necessarily unique.

Now consider a morphism P: B — X. If Pic(B) = 0, then by the same reasoning
as above, P is a Darmon point on (X, Dy, ) if and only if it factors through the root
stack. If instead im P ¢ |J;_, D;, then the divisors D; pull back to effective Cartier
divisors on B, and therefore [Cad07, Remark 2.2.2] implies that P is a Darmon point
if and only if it factors though the root stack. O

The next proposition gives conditions for a root stack to be regular.

Proposition 3.5.3. Let X be a reqular scheme and let

for distinct prime Cartier divisors D1, ..., D, on X and integers my,...,m, € N*U
{o0} such that the support of Dy, is an strict normal crossings divisor. Then (X, ¥/ D)
s reqular.

Proof. Without loss of generality, we can assume that mg, ..., m, are all finite, since
a the restriction of a strict normal crossings divisor to an open is still strict normal
crossings. As the statement is local, we can assume that X = Spec A is affine and
D; = Spec A/(s;). By [Cad07, Example 2.4.1] this implies

(X, ¥/D) = [Spec R/ (ttm, Xz -+ Xz fim,,)];

where R = Alzy,...,xn]/(x]" — $1,..., 20 — sp,) and p,y, acts trivially on A and
x; for j # i, and acts on x; by t; - z; = t;lxi. We will first prove that Spec R
is regular. Since R is finite over A, for every maximal ideal m € Spec A with an
extension to a maximal ideal m’ € Spec R, the dimensions of the local rings agree:
dim A,, = dim Ry,. Furthermore, since the support of Dy, is a strict normal crossings
divisor, the elements in {s1,...,s,} Nm are part of a regular system of parameters
for m. and therefore the elements in {z1,...,z,} Nm’ is part of a regular system of
parameters for m’, since if I is the ideal generated by the z1,...,z, contained in m
and I’ is generated by the s1,..., s, contained in m’, then Ry /I’ & Ay /I. Thus Ry
is a regular local ring, so Spec R is regular.

Note that Spec R — (X, ¥/D) is surjective, flat and of finite presentation. Con-
sider a smooth cover Y — (X, '\’75), where Y is a scheme. Then Spec R X (x, /D) Y
is a regular algebraic space since regularity is local in the smooth topology by [Stacks
Tag 036D]. Since Spec R X (X, %/D) Y — Y is surjective, flat and of finite presentation,

Y is regular by [Stacks, Tag 06QN] and thus (X, ¥/D) is regular. O
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Proposition |3.5.2 allows us to relate M-approximation with strong approximation
on root stacks, as studied in [Chr20; |San23b].

Definition 3.5.4. Let U be a stack over a PF field (K, C) and let T C Qg be a finite
set of places. We say that U satisfies strong approximation off T if the map

U(K) = U(A%)

has dense image, where the topology on U(AZL) is defined as in |[Chr20, Definition
5.0.10].

Proposition 3.5.5. Let (K,C) be a PF field, T C Qk a finite set of places, and X a

smooth proper variety over K. Let Dy = > | ( — mi) D; formq,...,m, € N*U
{o0} and smooth prime Cartier divisors Dy, ...,D, on X. Assume that the support
of Dy is an strict normal crossings divisor. Let (X, M) be the pair corresponding to
the Darmon points on (X, D). Then (X, M) satisfies M -approzimation off T if and

only if the root stack (X, /D) satisfies strong approzimation off T.

Proof. Write X = (X, ¥/D) and X = (X, ¥/D), for some integral model X’ over some
open subset B C C such that D; is the closure of D; in X and it is a prime Cartier
divisor. By [Chr20, Proposition 13.0.2],

x, VD)ak) = [I  Xk)x I (XK., 200)

vEQ K\ (BUT) vEB\T

as topological spaces (the cited proposition is formulated for global fields and with
T = 0, but extends to this setting). By the assumptions on X and on Dy,, the
root stack (X, r{‘/5) is geometrically regular, and thus smooth, by Proposition
This is because the divisors Dy, ..., D, are smooth so the support of D,, % is a strict
normal crossings divisor. Therefore by [Chr20, Proposition 7.0.8] there exists a scheme
Z over B and a surjective smooth morphism 7: Z — X, such that 7(Z(0,)) = X(0,)
for all v € B and 7(2(K,)) = X(K,) for any place v € Q. In general |[Chr20,
Proposition 7.0.8] only gives a family of schemes Zy with this property, but we can
take the disjoint union of these to obtain Z. Since X is smooth over K, Zg is smooth
over K as well, and thus is locally a variety. Therefore Proposition [2:2.6] implies
that U(K,) C Z(K,) is dense for any dense Zariski open subset U C Z and any
v € Q. In particular this implies that (X, Mg, )(K,) = (X \U}_, D;)(K,) lies dense
in X(Kv). Therefore, it follows that the image of (X, Ms,)(AZL) is dense in X(AIT()
Thus, by Proposition X(K) is dense in X(AL) if and only if (X, M)(K) is
dense in (X, M)(AL). O

We now consider the fundamental group 71 (X, /D) of the root stack as defined
in [Noo04], which classifies étale covers f: Y — (X, %/D), where Y is an algebraic
stack.

Definition 3.5.6. A morphism f: Y — X of connected algebraic stacks is an étale
cover if it is a finite étale morphism.

Note that such a morphism is always representable, see for example [Stacks, Tag
0CHT], so étale covers coincide with what Noohi calls covering maps.
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Similarly to the fundamental group of schemes, different choices of a base point
yield the same fundamental group up to isomorphism [Noo04, page 9], so we will leave
the choice of the point implicit. The following lemma classifies the étale covers of root
stacks in terms of the coarse spaces, and thus gives a concrete description of its étale
fundamental group.

Lemma 3.5.7. Let X be a connected locally Noetherian scheme and let D1,..., D,
be distinct prime Cartier divisors on X, and mq, ..., m, € N* whose images in O(X)
are invertible. Assume that the support of

n

D‘“Z<1T;>D“

i=1

s a strict normal crossings divisor.
Then there is a one-to-one correspondence between

1. Etale covers f: Y — (X, ¥/D), and

2. Finite morphisms of connected schemes f:Y — X, such that f is étale over X'\
Ui, Di, and for alli € {1,...,n} the pullback satisfies f*D; =3 5.5 €i,5Dip
for distinct prime Cartier divisors D; g on'Y such that e; glm; for all 5 € B;.

Proof. Recall that our schemes are by assumption separated so since my, ..., m, are
invertible in O(X), the stack (X, ¥/D) is separated and Deligne-Mumford by [Cad07,
Corollary 2.3.4]. Therefore for any étale cover Y — (X, ¥/D), Y is separated as the
map is finite and hence affine [Stacks, Tag 01S7] and Deligne-Mumford since it is
étale [Stacks, Tag 0CIQ]. Therefore by the Keel-Mori Theorem |[Ryd13| page 631],
there exists a coarse moduli space Y — Y, where Y is an algebraic space. Since the
coarse moduli space is universal for maps to algebraic spaces by definition [Ryd13|
Definition 6.8], the cover f descends to a morphism f: Y — X. We thus obtain a
commutative diagram

v s (x, ¥D)
l l (3.5.2)
!

Y — X.

We will show that Y is a scheme and that f: Y — X satisfies the desired properties.
Since the statement is local on X, we can reduce to the case that X = Spec A is
affine and the D; = Spec A/(s;). By |Cad07, Example 2.4.1] this implies

(Xv T/B) = [SpeCR/(/JWM Xz Xy ,umn)]a

where R = Alty,...,t,]/(z"" —s1,..., 2" — s,) and f,,, acts trivially on A and x;
for j # i, and acts on x; by t; - x; = t;lxi. Write Z = Spec R. Note that since R is a
finite A-algebra, the map Z — X is finite.

We now prove that f: Y — X is a finite morphism. Let U — Y be a finite
étale morphism from a scheme U and consider the following commutative diagram
consisting of Cartesian squares:
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UxxZ —YXxxZ —— Z

I

UxyY Y (X, ¥/D)
| | |
Y

U X.

<

Since U xx Z — Z and Z — X are finite morphisms of schemes, U xx Z — X is a
finite morphism as well.

Since X is locally Noetherian, [Ryd13, Theorem 6.12] implies that the map f is
proper and thus locally of finite type. Therefore U — X is also locally of finite type,
and since U xx Z — U is surjective, |Stacks, Tag 0GWS] implies that U — X is
quasi-finite, and by [Stacks, Tag 02LS] it is finite and hence f is finite as well. By
[Stacks, Tag 03XX] Y is a scheme.

Since (X, ¥/D) — X is étale outside the support of Dy, f is étale outside its
support as well. Furthermore, since f is étale and the pullback of D; along the mor-
phism (X, "\'/5) — X is m; F; for a prime divisor F;, the multiplicity of every prime
divisor appearing in the pullback of D; to Y is exactly m;. By the commutativity of
the diagram , the multiplicities e; g divide m;.

Conversely, for any such morphism f: Y — X satisfying the properties in 7 we
will show we can construct a root stack Y over Y and an étale cover f: Y — (X, ¥/D)
inducing the morphism f on coarse spaces. Since the support sup(Dyy ) is strict normal
crossings, Proposition implies all points & € (X, ¥/D) x x sup(Dyy,) are regular.
Since the statement to be proved is local on X, and the regular locus is open, we can
assume that (X, ¥/D) is regular. Take Y to be the root stack ¥ = (Y, %), where

Dm=31", > seB, (1 — LB ng) Since f is a finite map of schemes, ¥ xx Z — Z

mg

is finite, so Y x x Z is a scheme by [Stacks, Tag 03XX]. The morphism YxxZ — Zis
étale at the codimension 1 points appearing in the pullback of D; to Y x x Z, for every
1 €{1,...,n}. Therefore purity of the ramification locus [Stacks, Tag 0EA4] implies
that Y x x Z — Z is étale at every point above U?zl D;, and thus Y x x Z — Z is étale
everywhere. Since Z — (X, /D) is an étale cover, this implies f: ¥ — (X, ¥/D) is
an étale cover. O

Now we can explicitly compute the fundamental group of a toric root stack. For
an abelian group G, let G = lim - G/H be the profinite completion, where H runs
over all normal subgroups of CéTvith finite index in G. Similarly, for a prime number
p, we let

G — lim G /H
H, pf[G:N]

be the prime-to-p completion. For a stack Z, we write 7, ,(Z) for the quotient of
m1(Z) corresponding to covers with degree coprime to p.

Lemma 3.5.8. Let X be a smooth toric variety over an algebraically closed field
K and let Dy,...,D, be the the torus-invariant prime divisors on X and let
mi,...,my € N*U {oo} whose images in O(X) are invertible and let Dy, be the
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corresponding Campana divisor. Let (X, M) be the pair corresponding to the Darmon
points on (X, Dy). If char(K) =0, then

7'1'1()(7 %) = N/NM,

while if K has characteristic p > 0 then

r1 (X, VD) = NNy

Proof. We only write the proof for characteristic 0, as the positive characteristic case
is analogous. We write X for the fan of X \ [Dm]. If X \ | Dm] is just the dense open
torus (so if my = --- = m,, = c0) then the statement is true by [BS13| Propostion
1.1]. By this we see that a Galois cover of G, is necessarily just a pair of d coverings
of G,,. Therefore, we can without loss of generality assume that X \ | Dm | does not
have torus factors. By |[AP13| Theorem 4] any finite morphism f: Y — X \ |Dm]|
of connected schemes, such that the degree is coprime to p, is a morphism of toric
varieties. The cited theorem is only stated for complete toric varieties, but the proof
also works for the toric varieties without torus factors. Furthermore [AP13| Definition
1, Lemma 1] imply that the étale covers f: ¥ — (X, %/D) exactly correspond to maps
of fans (N, X) — (N, X), where N’ C N is a sublattice of finite index containing Njy.
Furthermore, such a cover is a N/N’-cover. By letting N’ run over all lattices N’ C N
of finite index which contain Nj; we obtain the result. O

Proof of Corollary|1.1.10} Combine Theorem with Lemmal3.5.8] For the second
part, note that the coarse space of (X, %/D) is X\ | Dm | and use Proposition O

Remark 3.5.9. Corollary extends to characteristic p to give a necessary con-
dition for strong approximation on a toric root stack with invertible multiplicities.
If (X, ¥/D) satisfies strong approximation off 7', then |m ,4(X%, %/Dz)| € p(K,C)
and similarly strong approximation implies that (X3, %/Dy) does not have étale
covers of degree coprime to p. However, this is not a sufficient condition, since the
quotient group N/Nj; corresponding to Darmon points may have p-torsion.

Example 3.5.10. If char(K) = 0, X = P! and Dy, = 3(0)+ 3 (c0) then the morphism
Pl — PL given by (z¢ : z1) — (22 : %) factors as the étale morphism PL —
(PL,, ¥/D) followed by the coarse moduli space morphism (P!, R/D) — P'. The étale
morphism corresponds to the nontrivial element in (]P’lﬁ, R/ D) = 7/ 2.

More generally, if (P, M) is a toric pair corresponding to Darmon points, then
the group N/Ny is nontrivial as soon as two multiplicities are not coprime. Therefore
we obtain the following consequence of Corollary [1.1.10

Corollary 3.5.11. Let (K,C) be a PF field and let T C Qg be a finite nonempty set
of places. Let Dy, be the Q-divisor on IP’"K71 given by

n—1
1
=0

Then (]P”;{l, R/D) satisfies strong approzimation off T if ged(mg, m;) € p(K,C) for
every i # j. The converse also holds if Pic(C) is finitely generated. Furthermore,
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(IP”;{l, R/D) satisfies strong approzimation if and only if m; < oo for alli € {0,...,n}
and ged(m;, m;) =1 for every i # j.

Proof. Let (IF"}{l, M) be the pair corresponding to the Darmon points on (]P”;{l, Dp,).
Consider the matrix

—mqg ma 0 e 0
—myo 0 mo ... 0
—myo 0 0 e Mp—1

where the columns correspond to generators of Nys (if m; = oo, we make the cor-
responding column 0 instead). By Theorem M-approximation off T is satis-
fied if and only if the matrix has full rank and induces surjective homomorphisms
(Z/pZ)™ — (Z/pZ)"~* for every prime number p & p(K,C). The matrix having full
rank is equivalent to m; = oo for at most one i € {0,...,n — 1}. The surjectivity
at a prime number p &€ p(K, C) is equivalent to some n X n minor of the matrix not
being divisible by p. As the maximal minors are, up to sign, of the form [[i—qm; for
1

j
some 0 < j < n, this is equivalent to gcd(HZ;:éo My, H%O m;) € p(K,C). This is
i£0 itn

in turn equivalent to ged(m;, m;) € p(K,C) for every ¢ # j. The proof for T = 0 is
analogous. 0

The formula obtained above generalizes to a simple sufficient criterion for strong
approximation on toric stacks.

Corollary 3.5.12. Let K be a PF field and let T C Qg be a nonempty set of
places. Let X be a smooth split toric variety and let (X, r{'/5) be the root stack

corresponding to D = >0 (1 — mi) D;, and let Py(z1,...,2,) = [["i=1 2 for a
i piCo

mazimal cone o. If ged, ey, (Py(ma,...,my)) € p(K,C), then (X, ¥/D) satisfies
strong approzimation off T. Here ¥, is the set of mazimal cones in the fan of X.

Proof. If V, = A™ is the affine open in the toric integral model X corresponding
to the maximal cone o, then for any v € Q3x, the lattice N, spanned by the im-
age of (X, M)(O,) N Vy(O,) under ¢, in Ny is generated by m;n,, for p; C o.
Thus |N : N,| = P,(mq,...,my,). Since N, C Ny, this implies [N : Nys| divides
P,(mq,...,my,), giving the result. O

While Corollary [3.5.12] is a sufficient criterion, it is not a necessary condition on
many toric varieties, such as Hirzebruch surfaces.

Example 3.5.13 (Hirzebruch surfaces). Let (K, C) be a PF field such that Pic(C)
is finitely generated, T C Qg a nonempty set of places and r > 0 an inte-
ger. Consider the Hirzebruch surface H, given by the fan with ray generators
ny = (=1,7),n, = (0,1),n,, = (1,0),n,, = (0,—1) and choose corresponding mul-
tiplicities mq, ma, ms3, myg. If (H,., M) is the pair for the Darmon points with these
multiplicities, then by looking at the generators modulo a prime number we see that
the prime numbers dividing |N : Nj;| are the prime numbers dividing

ged(mama, mimyg, mams, mamy, Tmlma)-
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By Theorem the pair (H,, M) satisfies M-approximation off T' if and only if
N : Nyl € p(K,C). Moreover, (H,, M) satisfies M-approximation if and only if
N = Npp, my,mg, my < 0o and (r,mz) # (0,00). Note the additional rmymg factor
showing up in the index of [N : Nj| compared to the criterion given in Corollary
[B:5.12] showing that M-approximation can hold even if the condition in the corollary
is violated.

Finally we also consider M-approximation for pairs corresponding to Darmon
points on a singular variety.

Example 3.5.14. Let (K,C) be a PF field such that Pic(C) is finitely gener-
ated, T C Qk a nonempty set of places and » > 1 an integer. Consider the
weighted projective plane Pg(1,1,7) for = > 1 with rays generated by n,, =
(=1,7),n,, = (1,0),n,, = (0,—1) and choose corresponding multiplicities mg, m1, ma
with mg, m; < co. Then the Darmon points on Px (1, 1,r) satisfy M-approximation
off T if and only if ged(mg, m1), ged(momy, ma,r — 1) € p(K,C). Furthermore the
Darmon points on Px (1, 1,7) satisfy M-approximation if and only if ged(mg, m1) =
ged(momy, ma,r — 1) = 1 and ms < oo. In particular, if » = 2, then whether M-
approximation is satisfied (off T or off ) does not depend on the value of ms.



4. M-points of bounded height

In this chapter we propose an asymptotic formula for the number of M-points of
bounded height, which generalizes Manin’s conjecture for rational points of bounded
height, as well as its extension [PSTVA21, Conjecture 1.1] for Campana points. In
Chapter 5] we will then prove this asymptotic formula for toric pairs over Q.

4.1 Divisors on pairs

In the remaining chapters, we restrict our attention to smooth pairs (X, M) =
(X, ((Di)ieq,....ny> M)).

Definition 4.1.1. A pair (X, M) over a field K of characteristic 0 is called smooth if

1. X is a smooth variety over K,

2. every divisor D; is connected, nonempty and smooth over K, > | D; is a strict
normal crossings divisor as defined in [Stacks, Tag 0BI9],

3. the monoid M,on C N” generated by 9t N N" is finitely generated.

The use of the term “smooth” is motivated by the fact that strict normal crossings
pairs as considered in logarithmic geometry are log smooth, see e.g. |[Ogul8|, Chapter
IV, Example 3.1.14]. Furthermore, Propositionshows that a root stack (X, /D)
corresponding to a smooth pair (X, M) is smooth.

Assumption 4.1.2. From now on, all pairs considered will be smooth. Furthermore,
we will always assume that X is a connected, proper variety.

Definition 4.1.3. A smooth pair (X, M) is proper if X is proper and 9 contains a
non-zero multiple of the standard basis vector e; for all i € {1,...,n}.

If (X, M) is a pair corresponding to Darmon points, then the corresponding root
stack (X, /D) lies over X and (X, ¥/D) — X is a ramified morphism which is an
isomorphism over the open set U = X \ (D1 U---U D,,).

More generally we can regard (X, M) as some sort of geometric space akin to a
scheme or stack lying above X. If 9T N N” is a monoid with topological closure 90,
then (X, M) determines a functor S +— (X, M)(S) as we have seen in Remark
We view the natural inclusion map (X, M) — X as analogous to an “generically
finite morphism” which is an isomorphism over U. Inspired by this view we introduce
corresponding objects to the pair (X, M), such as divisors and a Picard group.

81
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Notation 4.1.4. For a smooth pair (X, M), we write
Iy ={m € M | m is not a sum of two nonzero elements in M;ed mon |

for the unique minimal set of generators of the monoid M ed,mon. Since we assume
that (X, M) is smooth, I"y, is always finite. For m € N"| we write Cy, for the finite
set of connected components of the set

n
(] DicX.
7rZLl:>10
Note that by [Stacks, Tag O0BIA], every such connected component is irreducible.
Furthermore, we will write I'ps ¢ for the set of tuples (m, ¢) with m € T'py and ¢ € Cp.
Similarly, we also write N7 for the set of tuples (m,c¢) with m € N” and ¢ € Cpy. If
for m there is a unique component ¢, we will routinely identify m and (m, ¢).

Example 4.1.5. If 9 only contains the element (0,...,0) then I'js is the empty set.

Example 4.1.6. If (X, M) is the pair corresponding to the Darmon points for
the Campana pair (X, Dy,), where Dy = >0, (1 — mi) D; for positive integers
Mi,..., My, then Tpy = {mqeq,...,mye,}. If (X, M’) is the pair corresponding to
the Campana points for the Campana pair (X, Dy, ), then T'ppr = {mjeq,..., (2m; —
ey, maey, ..., (2m, —1)e,}.

To each element (m, c) € 'y ¢ we associate a formal symbol Dm’c, which we will
refer to as a prime divisor on (X, M).

Definition 4.1.7. The group of divisors on (X, M) is

Div(X,M) =Div(U) x P  Z(Dmy),

(m,C)EFM’c

where Div(U) is the group of divisors on U. A divisor on (X, M) is an element of
Div(X, M). Similarly, a Q-divisor is an element of Div(X, M)q and analogously, an
R-divisor is an element of Div(X, M)g. A prime divisor D on (X, M) is a prime
divisor on U or D = f)m’c for some (m,c) € I'pre. Finally, a Q-divisor is called
effective if it is a nonnegative Q-linear combination of prime divisors on (X, M).

Notation 4.1.8. If D, D’ are two Q-divisors on a pair (X, M), then we write D > D’
if D — D' is effective.

In order to define the Picard group of a pair, we first need to define when two
divisors on a pair are linearly equivalent. We will define this notion by introducing the
pullback pr},: Div(X) — Div(X, M) from divisors on X to divisors on (X, M). In
order to define this homomorphism, we first need to determine for every (m, c) € I'ps ¢
and every divisor D € Div(X) what the coefficient y1((m, ¢), D) of Dy . in the pullback
of D should be.

Let Ox . be the local ring at the closed subscheme ¢ C X. Let fi,...,f, €
Ox. be local equations of the divisors Dy,...,D,, such that f; = 1 for all ¢ €
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{1,...,n} satisfying ¢ ¢ D;. We consider the ring Ry = Ox [X1,..., X,/ (X" —
fi,..., XM — f,) obtained by adjoining fil/mi = X; to Ox, for all i € {1,...,n}
with m; > 0. By the strict normal crossings assumption on the divisors, the proof of
Proposition shows that Ry ) is a regular local ring whose maximal ideal I is

generated by all elements fil/ "™ with m; > 0.

Definition 4.1.9. Let (m,c) € N? and let D € Div(X) be an effective divisor given
by a local equation g = 0, where g € Ox .. Then we define

p((m,e), D) :=max{u € N|ge I},

where the ideal I C R(p ) is defined as above. More generally, if D = Dy — D5 is a
difference of two effective divisors on X with disjoint support, we set

p((m, ¢), D) = p((m, ¢), D1) — p((m, ¢), D).

The function u((m,c),—) is a group homomorphism, as the next proposition
shows.

Proposition 4.1.10. Let R be a regular local ring with a nonzero mazximal ideal I.
Then the function v: R\ {0} — N given by

v(g) =max{reN|ge I}

for g € R extends to a valuation on the fraction field K of R. In particular v(gg') =

v(g) +v(g') for any g,9" € R.
Consequently,
,U,((ITI, C)a 7): DIV(X) —Z

18 a group homomorphism.

Proof. Let n be the Krull dimension of R and let {f{,..., f/} be a minimal set of
generators of I. Then by adjoining the elements f;/f; € K to R for i,j € {1,...,n},
we obtain a local ring R’ D R. The extension I’ C R’ of I is a principal maximal
ideal, so R’ is a discrete valuation ring. The function v is now simply the restriction
of the valuation on K determined by R’ since I = I' N R. O

The function p is particularly easy to compute on the divisors Dy,..., D,.

Remark 4.1.11. For the divisors Dy, ..., D,, the definition of u((m,c), D;) simply
reduces to
w((m,c), D;) =m;.

Now we are ready to define the pullback.

Definition 4.1.12. Let the pullback of divisors on X to divisors on (X, M) be the
group homomorphism
prys: Div(X) — Div(X, M)
defined by
D; — Z mM; D e,
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fori=1,...,n and
D — D+ Z M((mac)wD)Dm,C
(m,c)elm,c
for every divisor D € Div(U).

Remark 4.1.13. Let (m,c) € NZ. If ¢ is not contained in the support of a divisor
D on X, then
p((m,c), D) = 0.

Remark 4.1.14. The integer p((m,c), D) is the largest integer p such that there is
an inclusion of subschemes

ﬁ wlem(my, ..., my)

m;

D; C lem(my,...,my)D
50
in an open neighbourhood of the generic point of ¢, where the intersection is the
scheme theoretic intersection. The role of the least common multiple lem(my, ..., my)
here is to ensure that the left hand side is a well defined closed subscheme of X.

Remark 4.1.15. The pullback of divisors to (X, M) is intimately related to the
theory of weighted (stacky) blow-ups as described in [QR22|. For (m,c) € Ng, con-
sider an open subset X’ C X such that the divisors Di,...,D,, are principal on
X’ and Dy = Dpn. Let I, be the graded Ox/-subalgebra of Ox:[t] generated by
fit™ ..., fut™n, where f; = 0is alocal equation for D;. If 7: Bl;, X’ — X' is the cor-
responding weighted blow-up as defined in [QR22, Definition 3.2.1] and D € Div(X’),
then the coefficient of the exceptional divisor in 7*D is equal to u((m,c), D).

Note that Div(U) embeds into Div(X, M) in two distinct ways. The first is by
the embedding Div(U) — Div(X,M): D +— D directly given by the definition of
Div(X,M). The second one is given by composing Div(U) < Div(X) with the
pullback Div(X) — Div(X, M) to obtain the map D > pr},; D.

Definition 4.1.16. For a divisor D € Div(U), we call D € Div(X, M) the strict
transform of D in (X, M).

This terminology is motivated by the fact that prj, D — D is a divisor whose
restriction to U is trivial. This is illustrated by the following example.

Example 4.1.17. Let (X, M) be a pair obtained by taking X to be a smooth variety,
the divisors D1, D2 to be two smooth divisors on X intersecting transversally with
connected intersection Dy N Do, and let 9 C N2 be the monoid generated by (1,1).
Let X = Blp,np, X \ (D1 U Bg), where Dy, D5 are the strict transforms of D; and
Dy respectively. Then the homomorphism Div(X, M) — Div(X ), given by sending
Div(U) to itself and D(Ll) to the exceptional divisor, is an isomorphism respecting
the pullbacks of divisors in U. Thus under this isomorphism, the strict transform of

a divisor in U in Div(X) corresponds to the strict transform in Div(X, M).

While the function p: N3 x Div(X) — Z is linear in the divisor argument, it is
not linear in the first argument as the next examples show.
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Example 4.1.18. Let X = P2, n = 2, D; = {X; = 0}, Dy = {Xy = 0}, M =
N2\ {(1,0),(0,1)}. Then D; N Dy = {(0:0: 1)}, and the divisor D = {X; = X>}
has pullback pry; D = D + D(y,1y. In particular,

1=p((1,1),D) 2 p((1,0), D) + p((0,1), D) =0
For an example with no multiplicities equal to zero, we can take
3=u((3,3), D) = u((2,1), D) + p((1,2), D) = 2.

However, p is a concave function in the second argument, as the next lemma
shows. We will exploit this fact in Lemma [£.2.16] to understand the Fujita invariant
and the b-invariant of line bundles.

Lemma 4.1.19. Let (X, M) be a smooth pair. Then for all (m,c), (m’, ) € N} and
for every effective divisor D on X,

p((m+m’,¢), D) > p((m, c), D) + p((m’, ), D), (4.1.1)
for every connected component ¢ € Conam 0of cN . Furthermore, for any t € N*
w((tm, c), D) = tu((m,c), D). (4.1.2)
Therefore, for all \, N € Q with Am € N" and A\m’ € N",
p((Am + XN'm’, €), D) > Au((m, ¢), D) + N p((m', ), D). (4.1.3)

Proof. Note that inequality (4.1.3) follows directly from combining the other two
statements.

We will first focus on equality (4.1.2). If Iy . and Iy . are the maximal ideals of
R and Rym ., respectively, then Ifm,c N Rm,c = I,Lﬁ/cﬂ for every k € N, where we
use the natural embedding Rm . C Rim,. This directly implies the equality.

To prove inequality , we let Ox z be the local ring at ¢ and define Ry, ; to
be the ring obtained by adjoining all fil/"” with m; > 0 to Ox g, where f; is a local
equation of D;. (This is similar to the ring in Definition but we only localize at
¢ rather than at ¢.) In order to compare the different rings Rm ¢, Rm’.c, Rm+m’,c, We
embed them into the larger ring R(m{m/)mm’, (Where (m +m’)mm’ is defined by
coordinate-wise multiplication and addition). These inclusions fit into the commuta-

tive diagram
Rm,a \

OX,& — Rm+m’,6 — R(erm’)mm’,é-

\Rm,,e —

For m = m,m’,m + m’, we let I, be the ideal of Ry im/)mm’,c generated by

{rm

i€{1,...,n},m; >0}
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Note that for all i € N, the ideal I*f is generated by the elements []", =1 ff/m for
mi>

a € N" satisfying >_", =1 Qi > [i. For ease of notation, let us assume that m;,m, > 0
mi>

for all i € {1,...,n}. For pu,u’ € N, the intersection I¥ N I', is generated by

elements = which can both be written as z = [}, f;" /™ with Sty a; > poand as

r=[[", f" %/ with St al >/, where ai, ... a,,d}, ... a, €N.

For all i € {1,...,n}, let v; be the valuation on the fraction field K(X) corre-
sponding to the divisor D;. Then v;(f;) =1 and v;(f;) =0 for all j # ¢ as D; and D;
are distinct prime divisors on X. Up to scaling, this valuation extend§ to a gliscrete
valuation @; on the fraction field of R(m4m/)ymm’,s satisfying 17i(fi1/(mimi(mi+mi))) =1
and v;(f;) = 0 for all j # 4. In particular, we see that the valuation of x with respect

’
~o ! / ! !/ a; __ 4;
to ¥; is both a;m;(m; +m;) and a;m;(m; +m;) so - = e

From this equality we obtain

o= [ flocted/ometm)
i=1

which implies that z € I" +1 Thus we conclude Ik NIk Woc [P and by taking

m-+m’*

u=p((m,c),D) and p' = u((m’, '), D), we obtain inequahty . O

4.2 Geometry of the Picard group of a pair

In this section we introduce the Picard group and the effective cone of a pair.

Definition 4.2.1. We say that a divisor on (X, M) is principal if it is the image of
a principal divisor on X under the homomorphism pr},: Div(X) — Div(X,M). We
say that two divisors D, D’ on (X, M) are linearly equivalent if D — D’ is a principal
divisor.

Definition 4.2.2. We define the Picard group of (X, M) as
Pic(X, M) = Div(X, M) /{principal divisors}.

By the definition, the pullback pr},: Div(X) — Div(X, M) induces a homomor-
phism
Pic(X) — Pic(X, M),

which we will also often denote by prj,, by abuse of notation. We will denote the
induced homomorphisms on Q-divisors Div(X)g — Div(X, M)g and on Q-divisor
classes Pic(X)g — Pic(X, M)qg by pr}, as well. For a (Q-)divisor D, we will denote
the corresponding (Q-)divisor class by [D].

Definition 4.2.3. We define two Q-divisors D, D’ on a pair (X, M) to be Q-linearly
equivalent if the image of D — D’ in Pic(X, M)q is 0.

Example 4.2.4. If (X, M) is a smooth pair corresponding to Darmon points with
associated root stack (X, ¥/D) as in Sectlon then [Cad07, Corollary 3.12] implies
that the map Pic(X, M) — Pic(X, ¥/D), given by sending D,,.e to the Cartier divisor
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m%Di for all ¢ € {1,...,n} with m; < oo, is an isomorphism. Furthermore, this
isomorphism is compatible with the pullback homomorphisms of Pic(X) — Pic(X, M)
and Pic(X) — Pic(X, ¥/D).

By taking all multiplicities mq,...,m, to be infinite, we obtain the following
special case of the previous example.

Example 4.2.5. Let X be a smooth variety and let U C X be an open subvariety
such that X \ U is a strict normal crossings divisor. If (X, M) is the smooth pair
corresponding to integral points on U, then Div(X, M) = Div(U) so Pic(X, M) =
Pic(U).

By construction of the Picard group of a pair, we have a natural surjection
Pic(X, M) — Pic(U) by restricting a divisor on (X, M) to U. More generally, we
can define restriction maps between the Picard groups of pairs.

Definition 4.2.6. Let (X, M) and (X, M’) be two smooth pairs for the same choice
of divisors Dy,...,D,, such that I'y;; C T'jp;. Then we define the restriction (of
divisors) to (X, M) to be the homomorphism

Div(X, M) — Div(X, M’)

which sends Div(X, M) C Div(X, M) to itself and sends Dy ) to 0 if (m,c) € T'prc
but m & I'js,. This homomorphism induces a homomorphism

Pic(X, M) — Pic(X, M'),
which we will also refer to as the restriction (of divisor classes) to (X, M").

Note that these restrictions are always surjective homomorphisms. The cokernel

of the homomorphism pr}, : Pic(X) — Pic(X, M) is generated by [Dm,c] for (m,c) €
I'arc, and is thus finitely generated. Consequently, if Pic(X) is finitely generated,
then Pic(X, M) will be as well, as it requires at most #I'y; ¢ additional generators.
Example 4.2.7. If (X, M) is a smooth pair for the Darmon points on the Cam-
pana pair (X, Sy (1 — %) Di)7 then Div(X, M) is naturally identified with
Div(U) & Z (lepl) D--a7 (m%Dn)7 and the homomorphism Pic(X) — Pic(X, M)
is injective with cokernel

Z/miZ x -+ X Z/m,Z.

Example 4.2.8. In the previous example, if we take X = ]P’?{l, and we let
Dy, ..., D, be the coordinate hyperplanes, then

Pic(X,M)=Z"/ {(al,...,an) ez

> <of.
. m;
=1

In particular, if gcd(m;, m;) = 1 for all distinct ¢, j € {1,...,n}, then Pic(X, M) = Z.
On the other hand, if m = my = -+ = m,,, then Pic(X, M) = Z x (Z/mZ)"~!. This
shows that Pic(X, M) can contain nontrivial torsion even when Pic(X) is torsion-free.
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The previous example showed that the torsion of Pic(X, M) is slightly subtle, and
depends on M, rather than only on X. However, for a proper pair, the rank of its
Picard group is very simple to describe.

Proposition 4.2.9. If (X, M) is a proper smooth pair over a field K, then pry, is
injective on Div(X) and on Pic(X). Moreover

rank Pic(X, M) = rank Pic(X) + # pc — n.

Proof. Since (X, M) is proper, for each ¢ = 1,...,n there exists an element m; :=
m;e; € I'pr for some integer m; > 0. In particular, the coefficient of Dmi,c in pry,; D;
is m; for ¢ = D;, while for all j € {1,...,n} different from %, the coefficient of Dmi,c
in pri; D; is zero, as D; is not contained in D;. Similarly, for all D € Div(U), the
the coefficient of Dmi in prj; D is also zero. Since, furthermore, the restriction of
pry; to Div(U) is injective, pr}, is indeed injective. This directly implies that the
homomorphism on the Picard groups is also injective.

If we let (X, M') C (X, M) be the pair with 9% = {(0,...,0),my,...,m,}, then
we can consider the restriction Pic(X, M) — Pic(X, M’). The kernel of this restriction
is the free abelian group generated by the divisor classes [f)m,c] for (m,c) € T'prc
with m & I'yp. In particular, it is a free abelian group of rank #I'y ¢ — n. By
Example the cokernel of pr}, : Pic(X) — Pic(X,M’) is finite. As (X, M’)
is proper, this implies rank Pic(X, M) = rank Pic(X), so the rank of Pic(X, M) is
rank Pic(X) + #I'pyc — n. O

Now we will define the canonical divisor class of a pair.

Definition 4.2.10. For a smooth pair (X, M) over a field K of characteristic 0, we
define the ramification divisor of (X, M) to be the effective divisor

R = Z <1 + imz) Dm,c.
i=1

(m,c)€l M c
The canonical (divisor) class K x ) € Pic(X, M) of a smooth pair (X, M) is

K(X,M) ::pr}‘w Kx +R

=priy <KX +Z[Dz’]> - Y [Dm

i=1 (m,c)eln ¢

Thus the canonical class is defined in such a way that it satisfies an analogue of the
Hurwitz formula for morphisms of curves (see e.g. |[Har77, Chapter IV, Proposition
2.3]). If (X, M) is a smooth pair corresponding to Darmon points on a Campana pair
(X, Dy ), then the canonical divisor of (X, M) agrees with the canonical divisor of
the root stack (X, ®/D), see for example [VZ22, Proposition 5.5.6] for the case when
X is a curve.

Assumption 4.2.11. For the rest of the thesis we assume that X is a rationally
connected proper variety over a field of characteristic 0.
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There are two reasons for this assumption. One reason is that Conjecture [1.2.2]
only applies to rationally connected varieties. Furthermore, if X is rationally con-
nected then the Albanese variety of X is trivial, and thus its dual Pic’(X) is also
trivial. Hence, Pic(X, M) is a finitely generated abelian group for every smooth pair
(X, M). We will now introduce the effective cone.

Definition 4.2.12. The effective cone of a smooth pair (X, M) is the cone
Eff' (X, M) C Pic(X, M)

generated by effective divisors on (X, M). Its topological closure is the pseudo-
effective cone of (X, M)

Eff (X, M) C Pic(X, M)g.

We also similarly write Eff*(X) and ﬁl(X ) for the effective and pseudo-effective
cones of X.

The effective cone of a proper pair is strongly convex, as the next proposition
shows.

Proposition 4.2.13. Let (X, M) be a smooth proper pair. Then Eff'(X, M) is
strictly convex, i.e.
Eff'(X, M) N —Eff' (X, M) = {0}.

Proof. We will argue by contradiction. Suppose that there exists an element
E € Eff'(X, M) satistying —F € Eff'(X, M). Since Eff*(X, M) is generated by
effective divisors, Eff' (X, M) N Q is dense in Eff*(X, M). This implies that there
exists an integer m and nonzero effective divisors Dj, Ds on (X, M) such that
mE — [D1],—mE — [Dy] € Eff*(X, M). The sum D := D; + D5 is a nonzero effective
divisor such that —[D] € Eff'(X, M). This implies that —D is Q-linearly equivalent
to an effective Q-divisor D’. It follows that D + D’ is an effective Q-divisor which is
Q-linearly equivalent to 0. Thus there exists a positive integer m such that m(D+ D")
is linearly equivalent to an effective divisor and m(D + D’) = pr}, div(f) for some
rational function on X. The function f cannot have any poles on U, and since (X, M)
is proper, there exist positive integers mq, ..., m, such that mieq,...,mpye, € I'ys.
This implies that f cannot have any poles at the divisors D1, ..., D, either, which
implies that f is a regular function on X and thus f is constant, as X is proper. We
conclude that D + D’ = 0. This contradicts the fact that D is nonzero, so F cannot
exist. O

Using the effective cone, we will now define the Fujita invariant and the b-invariant
of a pair.

Definition 4.2.14. Let (X, M) be a smooth pair over a field K of characteristic 0.
Let L be a nef and big Q-divisor class on X. We define the Fujita invariant of (X, M)
with respect to L to be

a((X,M),L) = inf{t € R | tpriy, L+ K(xup € BE (X, M)}.

We call a((X, M), L) priy; L+Kx ) € Eff (X, M) the adjoint divisor class of L with
respect to (X, M). We define the b-invariant b(K, (X, M), L) to be the codimension
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of the minimal supported face of Ef' (X, M) which contains the adjoint divisor class
of L with respect to (X, M).

Note that the Fujita invariant is strictly positive if and only if K(x as) is not
pseudoeffective.

That there need not exist a nef and big Q-divisor class L such that prj, L =
—Kx,m), so the b-invariant may be smaller than the rank of the Picard group of
(X, M) for all choices of L, as the next example illustrates.

Example 4.2.15. Let (X, M) be the smooth pair over K corresponding to the Cam-

pana points on (X, > " (1 - mi) Di> for a rationally connected variety X. Then
Proposition implies that

rank Pic(X, M) = rank Pic(X) + Z(m —

where we use the description of I'j; from Example and the fact that the set of
components Cpe, is just {D;} for any positive integer m and i € {1,...,n}. However,
for any divisor L € Div(X), the coefficient of Dmei in L for m; <m < 2m; —1 is sim-
ply a;m, where a; is the coeflicient of D; in L. This follows from the equality (4.1.2] -
combined with the fact that pu(me;, D) = 0 for all prime divisors D # D; on X. There-
fore, if the coefficient of Dy,,e, in pri, L + R = pri, L + >, Zle S(m — 1)Dye,
is nonnegative for some i € {1,...,n}, then the coefficient of Dye, in pri, L + R

is positive for integers m with m; < m < 2m; — 1. Consequently, we have
b(K, (X, M), L) < rank Pic(X) for all big and nef divisors L.

In fact, for computing the Fujita invariant and the b-invariant, we only need to
consider small generators m € I'y,, which often considerably simplifies computations.

Lemma 4.2.16. Let (X, M) be a smooth pair over a field K of characteristic 0 and
let L be a big and nef Q-divisor on X. Let P be the polyhedron given as the convex
hull of the set

{m+xeR" |mely,xeRi)}

and let OP and V(P) be its boundary and its set of vertices respectively. Define pairs
(X, M") C(X,M'") C (X, M) by setting M =TpNIP and M’ =Ty NV (P). Then

a((X,M),L) = a((X,M"), L) = a(X, M"), L)

and
b(Kv (Xv M)aL) = b(Ka (Xa M/)aL)

Proof. If T'psc = 0, then P is empty and (X, M) = (X, M’') = (X, M") is the pair
with 9t = {(0,...,0)}, so the lemma is trivially satisfied. Now assume 'y ¢ # 0 and
let (m, ¢) € T'ps ¢ be an element such that m is not on the boundary of the polyhedron.

Then there exist (my,¢1),..., (mp,cr) € Ty ¢ such that m = 23:1 Ay, for some
real numbers A1, ..., A\p > 0 satisfying Zthl At > 1 and such that c is a component of
ﬂf:l ¢ If L’ € Div(X)g is a Q-divisor, such that for all ¢ € {1,...,T} the coeflicient
of D, ., in pri, L' € Div(X, M) is at least 1, then Lemma implies that the



4.2. Geometry of the Picard group of a pair 91

coefficient of Dy, . in pr’, L' € Div(X, M) is at least Zthl A¢ > 1. This implies that
for any L € Pic(X)g and a € Q such that

n
apry L+ Kx, ) = priy <L + Kx + Z[Dz]> - Z [Dm,c] € Pic(X, M)q

i=1 (m,c)€Tlpm,c

is an effective Q-divisor class, a pry, L+K x ar) is represented by an effective Q-divisor
such that the coefficient of Dm7c is at least —1 + Zle A¢ > 0. This implies that the

minimal face of Eff (X, M) containing the adjoint divisor class of an big and nef
Q-divisor class L contains Dy, .. Thus we see that a((X,M),L) = a((X,M'),L)
and b(K,(X,M),L) = b(K,(X,M’),L), as desired. The proof of the equality
a((X,M),L) = a((X,M"), L) is entirely analogous. O

More generally, the Fujita invariant and the b-invariant are smaller on smaller
pairs.

Proposition 4.2.17. Let (X, M) C (X, M’) be smooth pairs over a field K of char-
acteristic 0 and let L be a big and nef Q-divisor on X. Then we have

(a((X, M), L), b(K, (X, M), L)) < (a((X, M), L), b(K, (X, M), L))
in the lexicographic ordering.

Proof. The proof is essentially the same argument as in Lemma[4.2.16| by using Lemma
4.1.19 O

Remark 4.2.18. By Lemma the Fujita invariant and the b-invariant only
depend on the polyhedron generated by 90, rather than 90U itself. Therefore the
Conjecture satisfies a form of purity: the order of growth of the counting function
only depends on the smallest elements in 9.

Example 4.2.19. As simple example for the previous remark, Conjecture [1.2.2] im-
plies that the Q-rational points in projective space with coordinates both squarefree
and pairwise coprime have a positive density in the full set of rational points, when
the points are ordered by their Weil height.

There is a natural generalization of rigid divisors to pairs.

Definition 4.2.20. Let D € Div(X, M)g be a Q-divisor on a smooth pair (X, M)
with X rationally connected. We say that D is rigid if D is effective and it is the only
effective Q-divisor in its Q-linear equivalence class. For a big and nef Q-divisor L on
X, we say that L is adjoint rigid with respect to (X, M) if a((X, M), L) > 0 and the
adjoint divisor class a((X, M), L) pry; L + K(x ) is represented by a rigid Q-divisor.

In Chapter [§] we will consider non-proper pairs to which our counting methods
for M-points apply, by imposing a condition on the pair depending on the Q-divisor
defining the height. Such pairs will play an instrumental role in proving Theorem

for proper pairs.
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Definition 4.2.21. Let X be a smooth proper variety and let L € Pic(X)g be a big
and nef Q-divisor class. A smooth pair (X, M) is quasi-proper with respect to L if
there exists a smooth proper pair (X, M) containing (X, M) such that a((X, M), L) =
a((X, M), L).

Proposition 4.2.22. Let (X, M) be a smooth pair which is quasi-proper with respect
to some big and nef Q-divisor class. Then a proper pair (X, M) as in Definition
can be found by adjoining the elements me1, ..., me, to MM for any sufficiently

large integer m.

Proof. For any proper pair (X, M) satisfying a((X, M), L) = a((X, M), L), there are
positive integers my, ..., m, such that meq,...,mpe, € M, and Proposition
implies that the pair (X, M’) given by 9 = {me1,...,mpe,} UM has the same
Fujita invariant as (X, M) and (X, M). Now let m > my,..., m, be an integer and
let (X, M) be the pair given by 0t = {me, ..., me,} UM. The pair (X, M") given
by O = M UM has the same Fujita invariant as (X, M’) by Lemma and
Proposition implies

a((X,M),L) < a((X,M"),L) = a((X,M),L).

Now since (X, M) C (X, M), we must have a((X, M), L) = a((X, M), L) by Proposi-
tion 217 0

For a pair (X, M) as in Proposition |4.2.22] there is an inclusion I'y; C T';; giving
a restriction homomorphism Pic(X, M) — Pic(X, M) as in Definition In this
setting, we can view the condition a((X, M), L) = a((X, M), L) as the statement that

the adjoint divisor of L with respect to (X, M) is the restriction of the adjoint divisor
of L with respect to (X, M).

Example 4.2.23. Let X be a rationally connected smooth proper variety such that
—Kx is big, and let D be a strict normal crossings divisor on X which is rigid. Then
the pair (X, M) corresponding to the integral points on the open U = X \ D is quasi-
proper for any any big and nef Q-divisor class L = —Kx + aD with a > —1. We can
take the proper pair (X, M) to be the pair corresponding to the Darmon points on
(X, Dy (1 — %) DZ-), where D1, ..., D, are the irreducible components of D and m
is a positive integer such that —1 + % < a. In particular, if @ > 0, then we can take
(X, M) to be the trivial pair. This follows from the rigidity of D combined with the
simple calculation

n

pry; L+ Koy iy = Z(am + (m = 1)) Do, »
i=1
which corresponds to >, (a +1-— %) D; under the identification in Example
This implies a((X, M), L) = a((X, M), L) = 1, as desired.

Example 4.2.24. As a special case of the previous example, we can take X =
Bl(o.0:1) P2, let D; be the exceptional divisor and take 9t = {0}. Then for any
a € (—1,1] N Q, the Q-divisor class L = Kx + aD is big and nef, and (X, M) is
quasi-proper with respect to L.
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4.3 Rationally connected pairs

In modern times, Manin’s Conjecture is often formulated for rationally connected
varieties, see for example [LST22, Conjecture 1.2]. The notion of rationally connected
varieties (see e.g. [KMM92, Definition-Remark 2.2]) has a natural extension to smooth
proper pairs.

Definition 4.3.1. A smooth proper pair (X, M) over a field K is rationally con-
nected if there exists a nonempty open subvariety V' C X such that for each alge-
braically closed field L/K and every two points p1,ps € V(L), there exists a ratio-
nal curve C' C X, containing both points such that C is the image of a morphism
f € (X, Mon)(P}), where (X, Miyon)(P}) is as in Definition 2.1.17

In other words, a pair (X, M) is rationally connected if for any two general points
on X there is a projective rational curve passing through them respecting the con-
ditions imposed by My,. In particular, if (X, M) is rationally connected, then X is
rationally connected as well. The projectivity of the curve is crucial here, as any
curve C on X not contained in the divisors Dy, ..., D, has a nonempty open subset
C' C C avoiding these divisors.

One reason to consider such pairs in Conjecture [1.2.2] is that they have a good
reason for having plenty of M-points after an extension of the ground field. This is
because the images of rational points under f € (X, Mmon)(P}) are M-points over
Og for some finite set of places S C 2k, as the next proposition shows.

Proposition 4.3.2. Let (X, M) be a pair over a number field K and let f €
(X, Muon)(PL). Then for every finite set of places S C Qg and every Og-integral
model (X, M), there exists a finite set of places S' D S such that f extends to
[ € (X, Muon)(Pp_, ). Furthermore, for any P € Py (K),

f(P) € (Xvaon)(OS’)
if f(P) liesin U.

Proof. By spreading out [Pool7, Theorem 3.2.1], we can find a set of places S’ con-
taining S such that f: Pk — X lifts to a morphism f: ]P)}Qs/ — X. The pullbacks

f*Du, ..., f*D, are effective divisors on PL o By further enlarging S’ if necessary,
we can ensure that these divisors have no components supported above a prime p in
Os:, which ensures that f € (X, Muon)(Pp_,). Let P € Pi(K). By the valuative

criterion of properness, P corresponds to an unique integral point }? : Spec Ogr — P!
If p is a prime of Og/, and we denote the coefficient of p in (f o P)*D; = P*(f*D;)
by m; for alli=1,...,n, then (mq,...,my,) € Myon since Mo, is a monoid. O

4.4 Quasi-Campana points and the log-canonical
divisor

In this section we specialize the Conjecture to Campana points, weak Campana
points and Darmon points as defined in Definition|2.1.19| In particular, we will clarify
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the relation of Conjecture with the conjecture |[PSTVA21, Conjecture 1.1] on
Campana points of bounded height. In order to uniformly discuss these different kinds
of points, we introduce the notion of a quasi-Campana pair.

Definition 4.4.1. Let my,...,m, € NU {oco}. A pair (X, M) is quasi-Campana
for the Campana pair (X, Dy,), where Dy, = Y0 | (1 — n%) D;, if the following
conditions are satisfied:

1. for all 7 € {1,...,n} with m; = co we have w; = 0 for all w € M,

2. mye; € M for all i € {1,...,n} with m; < oo, where e; is the i-th standard
basis vector of Z™,

3. for allw € M\ {0,...,0}, >0, >1.

w;
m;

Examples of quasi-Campana pairs are given by the pairs for (weak) Campana
points and Darmon points. In the theory of Campana points, the log-canonical class
Kx 4+ Dm plays a crucial role. We give an intrinsic definition of the log-canonical
class on a pair (X, M) as the “best approximation from below” of the canonical class
K (x ) by a Q-divisor class on X.

Definition 4.4.2. Let (X, M) be a smooth proper pair over a field K such that X
is rationally connected. A Q-divisor class D on X is called the log-canonical class for
(X, M) if K(x ) —priy D € Eff' (X, M) and for any Q-divisor class D’ satisfying
the same property, we have D — D’ € Effl(X). We will write K(x ar)10g for the
log-canonical class.

Note that since Eff* (X, M) is strictly convex by Proposition [4.2.13] any two divi-
sors whose classes are log-canonical are Q-linearly equivalent, so the above definition
makes sense.

For the pair corresponding to Campana points, the log-canonical divisor is simply
Kx + Dnm.

Proposition 4.4.3. Let (X, M) be a smooth proper quasi-Campana pair for the Cam-
pana pair (X, Dy,). Then K (x,m)0g = Kx + Dm is the log-canonical divisor class
for (X, M). Furthermore, if (X, M) is a pair corresponding to Darmon points, then
priy Kx amylog = K(x m)-

Proof. The definition of the log-canonical class K(x ;) immediately implies that
Kx.ary — Py (Kx + D) is an effective Q-divisor class on (X, M). Addition-
ally, if (X, Mparmon) is the pair corresponding to Darmon points on (X, Dy,) then
P (Kx + Dm) = K(X Mpamon)» 50 Kx + Dm is the log-canonical class for
(X, MDarmon)- For other quasi-Campana pairs for the Campana pair (X, Dyy,), the
inclusion T'pp, o = {mier,...,mpen} C Tye induces a group homomorphism
Pic(X, M) — Pic(X, Mparmon) compatible with the pullback homomorphisms pr},
and prj, . This map sends effective divisor classes to effective divisor classes
and K(x a) t0 K(x Mpamen): LThus for any Q-divisor class D on X such that
K(x,ny — priy D is effective, K(x mpamon) = Plisp..., D 18 effective as well. This
implies Dy, — D € Effl(X), as we saw that Kx + Dy, is the log-canonical class for
(X, MDarmon)- Therefore Kx + Dy, is the log-canonical class for (X, M). O
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There are various other pairs for which the log-canonical class exists, as the next
example shows.

Example 4.4.4. Let (X, M) be a smooth proper pair such that Pic(X)g = Q and
such that Eff' (X, M ) is a rational polyhedral cone. Then there exists a log-canonical
divisor on X for (X, M). This is because for any nonzero effective divisor D on X
there is a largest a € Q that satisfies K(x ar) — prys a[D] > 0, so K(x ar),10g = a[D] is
the log-canonical class. Here the assumption on the effective cone ensures that aD is
a QQ-divisor, rather than just an R-divisor.

However, the log-canonical class need not exist if the pair is not quasi-Campana,
as the next example shows.

Example 4.4.5. Let X = Blg.0.1) P2. Let D; = D be the strict transform of a line
passing through (0 : 0 : 1) € P? and let Dy = E be the exceptional divisor. Let
9t C N2 be the monoid generated by (3,0), (0,3) and (1,1). Then the effective cone
of X is generated by D and F, and a Q-divisor D’ = (-2 —a)D + (-1 —D)E =
Kx +(1—=a)D+(1-0b)E satisfies K(x, ) —pry, D' > 0 if and only if 3a > 1, 3b > 1
and a + b > 1. There is no solution (a,bd) to this system of inequalities with a and

b simultaneously minimal. Therefore there does not exist a log-canonical class on X
for (X, M).

For determining the Fujita invariant of a divisor class, we can use the log-canonical
class rather than the canonical class of the pair.

Proposition 4.4.6. Let (X, M) be a smooth proper pair over a field K. Assume that
that there exists a log-canonical class Kx ap)jog for (X, M). Let L be a big and nef
Q-divisor class on X. Then

a((X, M), L) = inf{t € R | tL + K(x.a1)105 € B (X)}.

Proof. Since L is big, and thus an effective Q-divisor class, the infimum of all ¢ € R
such that tL + K(x a),10g 15 effective is the same as the infimum of all t € R such
that tL + K(x a),log 18 pseudo-effective. For any Q-divisor class D on X, we have
D + Kix amyog € BEff'(X) if and only if pri, D + K(x ) € Eff'(X, M), by the
definition of the log-canonical class applied to D’ = —D. By taking D = tL, we find
the desired identity for a((X, M), L). O

Similarly, we can use the log-canonical class to determine whether a divisor class
is adjoint rigid.

Proposition 4.4.7. Let (X, M) be a proper quasi-Campana pair and let L be a big
and nef Q-divisor on X. Then a((X, M), L) pry; L + Kx ar) is rigid if and only if
a((X,M),L)L + Kx + Dy, is rigid.

Proof. Let D" € Div(X) be a representative of the canonical divisor Ky, and set
D = pr}, D/JFZ(m,c)eFM,C (=14 3" 1 m;) Dmc and Diog = D'+ Dy,. Then D, Diog
represent the Q-divisor classes K(x ar) and Kx + Dy on (X, M) and X, respectively.
A direct calculation shows that D—prj,; Diog is an effective divisor which vanishes on U

and on the divisors corresponding to the elements m;e; € 9. Thus if E € Div(X)g
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and D is either a prime divisor on U or D = Dyn,e, for i € {1,...,n}, then the
coefficient of D in prM (Diog + E) is equal to the coefficient of D in D —|— pry, E. Since
the coefficient of szel in pr};(Diog + E) is m; times the coefficient of D; in Diog + E
for all i € {1,...,n}, this implies that Doz + E is effective if and only if D + pr}, E
is effective. Therefore, Do, + E is rigid if and only if D + prj, £ is rigid. O

However, in general the log-canonical class need not be adjoint rigid when it exists.

Example 4.4.8. Let X = P% and let D; and D2 be two distinct lines in P%. As
in Example we let M C N2 be the monoid generated by (3,0), (0,3) and (1,1).
The canonical divisor class K(x ap) of (X, M) is represented by the divisor

D = —pr};(=2D1 — Dy + D1 + Ds) — D30 — D(o.3) — D11
The Picard group of the pair, Pic(X,M) = Z* x Z/3Z, is generated by the di-

visors D(g 0)s D(O 3 D(l 1), Where 3D(3 0y is linearly equivalent to 3D 3). Both
FE = D1 — D2 and By = D1 — 7D2 represent the log-canonical class K(x ur),log-

Since pr}‘w Ey + D and prj; Es + D are effective, 4 and Es are not adjoint rigid for
the pair (X, M).

Remark 4.4.9. For a quasi-Campana pair, the polyhedron in Lemma[f.2.16]is simply

given by
SECEN]
mi

p— {x € [0, 00)T e
=1

This description of the polyhedron implies that for quasi-Campana pairs the b-
invariant can be computed using the effective cone of X, rather than having to use
the full effective cone of (X, M). This is done by replacing the canonical class with
the log-canonical class, and by adding a correction factor to the b-invariant.

Proposition 4.4.10. Let (X, M) be a smooth proper quasi-Campana pair, where X
is a rationally connected variety. Assume that at least one of the following conditions
hold:

1. EfY(X) = Eff (X),
2. (X, M) is a pair corresponding to Darmon points or Campana points.
Let L be a big and nef Q-divisor class on X. Then

b(K, (X, M),L) =b(K,X,Kx + D, L) + V (K, (X, M), L),

where b(K, X, Kx + Dm, L) is the codimension of the minimal face F of ﬁl(X)
containing E = a((X, M), L)L + Kx + Dp,, and

V(K,(X,M),L)=—n"+#Inc,

where n' is the number of divisors D1, ..., D, whose class does not lie in F. The set
Ingc is the set of (w,c) € Tyre satzsfymg S Y =1 and u((w,c),D) =0 for all

i=1 m;
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effective divisors D whose class lies in F, where p is given in Definition [{.1.9 In
particular, if L = —Kx — Dy, then

b(K, (X, M), L) = rank Pic(X) n+#{(w,c) €lme Z% = 1}-

i=1 "

Remark 4.4.11. Note that if Eff*(X) is generated by the classes of the divisors
Dy,...,D,, , then an element (w,c) € I'y ¢ lies in Iy ¢ if and only if

o > %=1 and

m;

e w;=0foralli=1,...,n with D; € F.

In particular, this is satisfied when X is a toric variety and the divisors Dy,..., D,
include the torus-invariant divisors on X.

Remark 4.4.12. The assumption on the effective cone is satisfied for many more
varieties X including Mori dream spaces such as Fano varieties [BCHM10}, Corollary
1.3.2].

Proof. By Lemma4.2.16{and the description of the polyhedron given in Remark|4.4.9]
we can without loss of generality assume that > ., i =1forallw e 'y. Asa

consequence of this assumption, we have pry;(Kx 4+ Dm) = K(x ), as pry; Dm —

Z(W,C)EFJM,C DW’C =0.

We denote by F the minimal face of Eff (X, M) containing a((X, M), L) pri; L+
K(x.ar)- The group homomorphism prj,: Pic(X) — Pic(X, M) induces a map
B (X) — ﬁl(X, M), which we will also denote by pr},. As (X, M) is proper,
this map is injective by Proposition This fact combined with the equality
pry (Kx + Dm) = K(x ) implies that an D € Eff'(X) lies in F if and only if
pri,; D € Eff'(X, M). For any (w,c) € Ty such that u((w,c), D) > 0 for some
effective divisor D whose class is contained in F, the divisor class [f)wﬁ] lies in F, as
prt,[D;] € pri, F C F. ~

We write (F) and (F) for the vector spaces generated by the cones, and consider
the linear map

f: Pic(X)r/(F) = Pic(X, M) /(F),

induced by prj,. Since the inverse image of F under pry, is F, f is an injective map.
Since
dim Pic(X)r/(F) = b(K, X, Kx + Dm, L)
and }
dim Pic(X, M)g/(F) = b(K, (X, M), L),
we have
b(K,(X,M),L) =b(K,X,Kx + Dm, L) + dim coker(f).
If the only solutions w € 'y to Y1, ;‘;—‘1 = 1 are of the form m;e;, then pry, gives
an isomorphism Pic(X)g — Pic(X, M)g, so f is an isomorphism, giving

b(K, (X, M),L) = b(K, X, Kx + D, L).
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In particular, this proves the lemma if the pair corresponds to Campana points or
Darmon points.

Now we assume that Eff'(X) = ﬁl(X ), and we will show that the dimension of
the cokernel of f is —n' + #Ipc.

For every i € {1,...,n}, we have pry; D; = Z(

w; Dy, which implies

w,c)el ¢
miDmei = — Z wti,c
(w,c)€Tnm,c
w#£me;
in coker(f). Thus, the cokernel has {[Dyw.c] | (w,¢) € Inrc \ {mie1,...,mpe,}} as a

generating set as a vector space. We will now show that this set is a basis.

First we will show that none of these generators lie in F. Consider (w,c) € [y ¢
satisfying u((w,c), D') = 0 for all effective divisors D’ whose class is contained in F.
If D, Dx € Div(X)q are representatives of L and Kx such that a((X, M), L)D+Dx+
Dy, is effective, then the coefficient of D(W,C) in pri,;(a((X,M),L)D 4+ Dx + Dy,) €
Div(X, M)g is

w((w,c),a((X,M),L)D + Dx + D) = 0.
As pry;(Kx 4+ Dm) = Kx, ), this implies that the coefficient of bw,c is zero in every
effective representative of a((X, M), L) prj; L+ K (x ar), and we see in particular that
[Dyw.c] does not lie in F.

Suppose that
E= Z aw,ch,c

(w,c)€In,c\{mie1,....mne,}

is a Q-divisor on (X, M) which can be written as pr}, E' + Eq — E5 for a Q-divisor
E' on X and two effective Q-divisors Fy, E5 on (X, M) such that [E4], [E2] € F. By
modifying E’ if necessary, we can assume that the restriction of E, E to Div(U)g x
®?_,Q(Dym,e;.p,) is trivial. Since the restriction of E to Div(U)g X @1 Q(Dm,e;.0;)
is trivial as well, we must have £/ = 0. For any (w,c) € Iy ¢ and any effective
Q-divisor D’ on (X, M) whose class lies in F, the coefficient of DW,C in D’ is zero,
as we have shown earlier in the proof. This implies F1,F; = 0 so E = 0. Thus
{[Dwe] | (w,e) € Inse \ {mier,...,mue,}} is a basis of coker(f), and this set
contains —n’ + #I ¢ elements, so we have shown

b(K,(X,M),L) =b(K,X,Kx 4+ Dm,L) —n' +#In_c,
as desired. 0O

Corollary 4.4.13. Let (X, M) be a smooth proper pair corresponding to either the
Campana points or the Darmon points on a Campana pair (X, D), for a rationally
connected variety X, and let L be big and nef Q-divisor class on X. Then

b(K7 (X7M)7L) = b(KaXaKX +Dm7L)a

where b(K, X, Kx + Dm, L) is as in Proposition|4.4.10.
Proof. The elements in the set Ijs ¢ in Proposition correspond to the divisors

Dypye; p; for i € {1,...,n} such that D; does not lie in F. Consequently we see that
b(K,(X,M),L) =0, which recovers the result. O
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From Corollary we see that the b-invariant in Conjecture [1.2.2] agrees with
the b-invariant in the conjecture |[PSTVA21, Conjecture 1.1] on Campana points of
bounded height. Nevertheless, it is not directly clear whether the former conjecture
implies the latter, as the conjectures impose different geometric conditions on the
Campana pair. In the conjecture on Campana points, the assumption is made that
the Campana pair (X, Dy, ) is log Fano, meaning that — (K x + Dy, ) is ample, while the
condition imposed in Conjecture is that the pair (X, M) is rationally connected.
The following conjecture relates the two conditions.

Conjecture 4.4.14. Assume that the Campana pair (X, Dy, ) is log Fano. Then any
proper quasi-Campana pair (X, M) for (X, Dy,) is rationally connected.

This conjecture is a related to a conjecture by Campana [Camllb, Conjecture
9.10] on Campana rational connectedness for Campana pairs (see also [CLT24, Con-
jecture 1.4]), which implies Conjecture for any pair (X, M) corresponding to
the Campana points on (X, Dy,).
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5. Counting M-points on split toric
varieties

In this chapter we will prove Theorem which gives the asymptotic growth of the
number of M-points of bounded height on any quasi-proper toric pair over Q. This
result includes Theorem [I.2.7] as a special case, which shows that Conjecture [[.2:2]is
true for a smooth proper toric pair over Q. In this chapter, we will always take the
integral model (X, M) to be the toric integral model as in Definition Before
stating Theorem [5.2.5] we study the geometry of toric pairs.

5.1 Geometry of toric pairs

In this chapter, we use the notation introduced in Chapter [3| for toric varieties and
toric pairs. As indicated in Assumption we work over a field of characteristic 0.

5.1.1 Torus-invariant divisors

On a toric variety, the intersection of a collection of torus-invariant prime divisors is
a toric variety itself, and thus connected. Therefore, we identify I'5; and I'ps ¢, and
we drop the ¢ from our notation in the pairs (m, ¢) as the connected component ¢ is
uniquely determined by m.

Definition 5.1.1. We write Divy(X) for the torus-invariant divisors on a toric variety
X. Analogously, we call an element of Divy(X, M) = @,,cr,, Z(Dm) a torus-
invariant divisor on (X, M).

Proposition 5.1.2. Let (X, M) be a smooth toric pair. Every divisor D on (X, M)
is linearly equivalent to an torus-invariant divisor on (X,M). Furthermore, if D
is effective, it is linearly equivalent to an effective torus-invariant divisor. Hence the
effective cone Eff' (X, M) is a rational polyhedral cone generated by the torus-invariant
prime divisors on (X, M).

Proof. By |CLS11, Theorem 4.1.3] every divisor on X is linearly equivalent to a
torus-invariant divisor. This directly implies that every divisor on (X, M) is linearly
equivalent to a torus-invariant divisor on (X, M).

The proof of the statement for effective divisors is based on the proof of the
analogous statements for divisors on X given in |[CLS11, Proposition 4.3.2, Lemma
15.1.8]. For an effective divisor D on (X, M), let D’ be a torus-invariant divisor
linearly equivalent to it. Let

HY(X,D')={f € K(X)* | D +pridivf>0}u{0},

101



102 5. Counting M-points on split toric varieties

where we write £ > 0 for a divisor E on (X, M) to indicate that the divisor is effective.
Then H°(X, D’) is a vector space invariant under the natural torus action on K (X)*.
Hence by |CLS11, Lemma 1.1.16],

H'(X, D)= @  K-x¥
nENY
D’ +pr}, divx* >0

where x* € O(U)* is the character determined by p: N — Z. Since D is ef-
fective, H°(X, D’) has to be nontrivial, and thus there exists 4 € NV such that
D’ + pr}, div(x*) is an effective torus-invariant divisor linearly equivalent to D. [

The next proposition shows that for toric pairs the Picard group can be calculated
using torus-invariant divisors, analogously to the case of toric varieties.

Proposition 5.1.3. Let (X, M) be a smooth toric pair over a field K. There is an
exact sequence

NY — Divy(X, M) — Pic(X, M) — 0,
where NV — Divy(X, M) is the composition of the map NV — Divp(X) with the
pullback map Divy(X) — Divp(X, M), where the first map is given by sending a
character to its corresponding divisor. Furthermore, we have an exact sequence

0 — NY — Divp(X, M) — Pic(X, M) — 0
if and only if the lattice Ny; from Definition[3.2.9 has finite index in N.

Proof. By Proposition the group homomorphism Divy (X, M) — Pic(X, M) is
surjective. The torus-invariant principal divisors on (X, M) are exactly the pullbacks
of torus-invariant principal divisors on X. Thus, the kernel of this homomorphism is
the image of NV in Divy(X, M) by [CLS11, Theorem 4.1.3].

The map NV — Divr(X, M) is given by

pe pripdivix®) = Y (1, ¢(m)) Dy,

mel

where ¢ is the homomorphism defined in Definition This directly implies that
NY — Divy(X, M) is injective if and only if {¢(m) | m € I'j;} spans Ng as a vector
space, which is equivalent to Nj; having finite index in N. O

Proposition 5.1.4. Let (X, M) be a smooth toric pair over a field of characteristic
0. The canonical class of (X, M) as defined in Definition |{.2.10] is equal to

Kx = — Z [Dan].

mel

Proof. By |CLS11, Theorem 8.2.3], the canonical divisor class of a toric variety is

n

which directly implies the desired identity. O



5.1. Geometry of toric pairs 103

Notation 5.1.5. We will denote the representative of K(x s introduced in Propo-
sition by
Dixany =— Y Dm €Dive(X,M).
mel
In the proof of Theorem we will consider divisors on toric pairs which are

rigid with respect to the torus-invariant divisors, rather than to the full group of
divisors.

Definition 5.1.6. Let D € Divy (X, M)g be an effective Q-divisor on a smooth toric
pair (X, M). We say that D is toric rigid if D is the only effective torus-invariant
Q-divisor in its Q-linear equivalence class. For a big and nef Q-divisor L on X, we
say that L is toric adjoint rigid with respect to (X, M) if the adjoint divisor class
a((X, M), L)pry; L + K(x ) is represented by a toric rigid effective Q-divisor.

For many toric pairs, toric rigid divisors are just the same as rigid divisors.

Proposition 5.1.7. Let (X, M) be a smooth toric pair. Then every rigid Q-divisor
is toric rigid. If the pullback map Divp(X) — Divp(X, M) is injective, then the
converse also holds.

On a proper toric pair, the pullback map is injective by Proposition [£.2.9] Thus,
on such a pair, toric rigid divisors are the same as rigid divisors.

Proof. If an effective Q-divisor D € Div(X, M)q is rigid, then Proposition im-
plies that it has to be torus-invariant, and thus toric rigid.

For the converse, we argue by proof by contrapositive. Let D € Divy (X, M) be
an effective divisor which is not rigid. Then the vector space

H°(X,kD) ={f € K(X)* | D+ pr},div f > 0} U {0}

considered in Proposition [5.1.2] is at least two dimensional for some positive integer
k. As
H°(X,kD) = $H K -\,
HENY
kD+pry, div x*>0

this implies that there exist at least one nonzero u € NV such that kD +pr}, div x* >
0. If Divp(X) — Divr(X, M) is injective, then div x* # 0 so D+div x* is an effective
torus-invariant divisor linearly equivalent to D and thus D is not toric rigid. O

In general there may be more toric rigid divisors than rigid divisors, as the next
examples show.

Example 5.1.8. Let (X, M) be the toric pair given by X = P* and 9t = {(0,0)}, i.e.,
the pair corresponding to integral points for the open G,, C P!. Then Divy(X, M) =
0 so the trivial divisor on (X, M) is toric rigid. On the other hand, Pic(G,,) = 0 so
any effective divisor on (X, M) is linearly equivalent to the trivial divisor, and thus
the trivial divisor is not rigid.

Example 5.1.9. Let X = P! x P! and let (X, M) be the toric pair corresponding to
the integral points for the open G,, x P! C X. Then the previous example implies
that any big and nef Q-divisor on X is toric adjoint rigid with respect to (X, M).
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An analogous statement is true for Hirzebruch surfaces of higher degree.

Example 5.1.10. Let X = Projp: (Op1 ®Op1(d)) be the Hirzebruch surface of degree
d > 0. Let Dy be the unique prime divisor with self-intersection D3 = —d, and let
Dy, D3 be the torus-invariant prime divisors intersecting the prime divisor Dy. Let
(X, M) be the toric pair corresponding to the open U’ = X \ (D7 U D3). We identify
Pic(X, M) with Pic(U’) using the natural isomorphism as in Example Under
this identification, the anticanonical divisor on (X, M) is —K(x ar) = [Do] 4 [D4] €
Pic(U’), which is a nonzero effective divisor class. Since Pic(U’) = Z, every divisor
on U’ is linearly equivalent to a rational multiple of —K(x as). Consequently, any big
and nef Q-divisor on X is toric adjoint rigid with respect to (X, M).

We finish the section by noticing that toric pairs are rationally connected.

Proposition 5.1.11. A proper toric pair (X, M) over a field K is rationally con-
nected.

Proof. Without loss of generality, we can assume that 9t is a monoid. Let L be an
algebraically closed field containing K and let L(t) be the field of rational functions
over L in the variable t. Write (X, M) for the pair over L(t) obtained by
base changing X and Ds,..., D, to L(t). This pair has the obvious integral model
(Xp1, Mp1) over P! given by base changing (X, M) to P:. Theorem implies
that the pair (Xp, M) satisfies Mp-approximation off the place (1 : 0) € PL.
Consequently, the embedding

(Ko, Mep)(A) = (X, MDA = [ (X, M)(O,)
vEQL 1 \{(1:0)}

has dense image. In particular (X, M)(Al) has dense image in (X, M)(L((t)) x
(X, M)(L(t — 1)). Since U(L) © (X, M)(L(t)) and U(L) (X, M)(L{( — 1)),
this implies that any two points p1,p2 € U(L) are contained in the image of some
function f € (X, M)(AL). As 9 is a monoid and (X, M) is proper, 9 contains
amult(y,0)(f) € N* for some positive integer a. Let g: P; — P} be the map given by
(z:y)~ (2% :y*). Then fog e (X, M)(P}) and it contains the points p; and ps in
its image. This implies that (X, M) is rationally connected. O

5.1.2 Fans and universal torsors for pairs

In [Sal98| Section 11], Salberger verifies Manin’s conjecture for split toric varieties with
the anticanonical height. In order to achieve this, he reduces the counting problem
to estimating the volume of a domain D(B) C Y (R) in the real locus of the universal
torsor Y of the variety. Afterwards, he uses the fan 3 of X to give a partition of
D(B) into simpler pieces: D(B) = J,cx_ D(B,0). In order to adapt the proof of
Salberger to toric pairs, we thus need appropriate analogues of the fan and of the
universal torsor for toric pairs.

Notation 5.1.12. Let (X, M) be a toric pair over a field K. We let (X, M) be a
proper toric pair with 9t = M U {d;e; | me; € M for all m € N*}, where e; € N"
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denotes the i-th basis vector and dy, ..., d, are positive integers such that I'y; C I'57.
Choose a simplicial fan X5 refining > with rays

S37(1) = {pm | m € Ty},

where pm = R>o¢(m). Here we recall that ¢: N” — N is the homomorphism given
by (mi,...,my,) — Y. min,,. Let ¥y C Y7 be the subfan given by the cones
whose rays lie in {py | m € Ty}

Similarly, for a maximal cone o € Y47, let (X, M (o)) be the toric pair given by

M= MU {d;e; | p; C o(1), me; ¢ M for all m € N*},

and we set X7y C Xg7 to be the subfan given by the cones whose rays lie in
{pm | meTy}Ua(1).

Note that the fan 37 does not depend on the choice of the integers dy, ..., d,
defining the pair (X, M).

Remark 5.1.13. If (X, M) is a pair which is quasi-proper with respect to some
Q-divisor class L and the integers di,...,d, are chosen sufficiently large, we have

a((X,M),L) = a((X, M), L) by Proposition {4.2.22

Remark 5.1.14. For a toric pair (X, M) with a choice of a pair (X, M) as above,
there may be different non-isomorphic choices for the fan 5. Nevertheless, for many
pairs, such as pairs corresponding to Campana points, there is only one such choice.
For the purposes of this chapter, the choice of the fan is not important.

Note that Y57 is a complete fan, since ¥ is as well. Furthermore, if (X, M) is
proper, then (X, M) = (X, M) so Xy = X3z

We will also define universal torsors of toric pairs. Consider the morphism
f: AR — A7 given by sending (Tm)mery 0 (Y1, .-, Yn) Where y; = [Tmer,, Tm
for all i € {1,...,n}.

Definition 5.1.15. We define the universal torsor Yy of (X, M) as the open toric
subvariety Ya; = f~'Y of AI;{M7 where Y — X is the universal torsor of X as defined
in Section Let Uy = G};@M be the dense torus of Y. The restriction of Y, — X
to Upr — U is a homomorphism of dense tori, and we write Th; C Y, for the kernel
of this homomorphism.

We call Yy, the universal torsor of (X, M), as it plays an analogous role to the
universal torsor of X in Salberger’s work [Sal98].

Remark 5.1.16. By Proposition the group variety T); is isomorphic to
Hom(Pic(X, M), G,,). Therefore it can be seen as an analogue of the Picard torus of
a toric variety, but it need not be a torus as Pic(X, M) can have torsion. If (X, M)
is a proper pair, then f is surjective, so the natural morphism Y,; — X is surjective
as well. Furthermore, Proposition [5.1.3| implies that the restriction Uy, — U is a
T'yr-torsor.

For toric pairs which are not proper, the morphism Y;; — X need not be dominant
and the analogy with the universal torsor of a toric variety partially breaks down, as
the following example shows. We still maintain the same terminology however, to
avoid unnecessary case distinctions.
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Example 5.1.17. Let X = P! and MM = {(0,0)}, i.e., the pair corresponding to
integral points on G,,. Then Y}, is just a point and the map Yy, — X is given by
sending the point to (1 :1).

5.2 M-points of bounded height on toric varieties

5.2.1 Heights

Let X be a smooth proper split toric variety over Q with fan ¥. Any Q-divisor class
L on X naturally induces a height function Hy, on the torus U C X, as defined for
divisor classes by Batyrev and Tschinkel in [BT95, Definition 2.1.7]. In this section,
we describe this height using the description of this height given in [PS24b| Section
6.3].

We can represent a Q-divisor class L by a Q-divisor

D=a1Di+---+apDy,
for some rational numbers ay,...,a, € Q. For a maximal cone o € X, write
up(o) = arpp, (o) + -+ + anpp, (0),

where uup,(c) € NV is the unique character of U such that y~#2:(?) generates O(D;)

on U,. Let 01,...,0; be the maximal cones in the fan X. For a ray p € X, we write
n, for the corresponding ray generator. For i =1,...,nand j =1,...,k we define

1@ (ej) = a;i — (up(oj),np,), (5.2.1)
and

k
D(s) =D 19 (e;)s;
j=1

for s € C*, where we recall that (-,-): Ny x Ng — Q is the natural pairing.
Note that L(o;) := Y1, (¥ (e;)D; is Q-linearly equivalent to L by definition. All
coefficients (%) (e;) are nonnegative when L is nef, as the following proposition shows.

Proposition 5.2.1. Let L be a Q-divisor on X. Then the following holds for any
maximal cone o; € X:

1. If pi C oj, then 1) (e;) = 0.
2. If L is nef, then L is semiample and 1) (e;) > 0 for alli =1,...,n, so L(o;)
is effective.

Proof. The first part follows directly from the definition of (%) (ej). If L is nef, then
it is semiample by [CLS11, Theorem 6.3.12.], and the nonnegativity of [(V(e;) > 0 is
proved as in [Sal98| Proposition 8.7(a)]. O

We will now assume that L is big and nef. As in [PS24b| Section 6], we define the
function

L e,
L) ::Hxé (ey)’

i=1
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for every j = 1,...,k and (x1,...,2,) € Y(Q). Now [PS24b, Proposition 6.10]
implies that the height of a point (z1: ...: x,) € X(Q) with respect to L, as defined
in [PS24b| Section 6.3], is given as

Hi(x) = [] max(|x*©],,... [x"79)],),

vEQNQ
where x = (21,...,2,) € Y(Q). Let ¥ — X be the universal torsor of X" as introduced
in Section If we choose the coordinate representatives (x1,...,%,) to be integers

representing a Z-integral point on ), then the formula for the height simplifies to

Hi(x) = max(x )], X)),

5.2.2 The leading constant

In this section we present Theorem [5.2.5 which will describe the asymptotic behaviour
of the toric counting function

Nexanz,s(B) = #{P € (X, M)(Z[5]) nU(Q) | HL(P) < B}

introduced in (1.2.1)). To describe the leading constant in the asymptotic, we first
need to describe the a-constant of the pair.

Definition 5.2.2. Let (X, M) be a smooth toric pair, and let L be a big and nef Q-
divisor on X which is toric adjoint rigid with respect to (X, M). Let E be the unique
effective Q-divisor on (X, M) with Q-linear equivalence class a((X, M), L) pri, L +
Kx,my, and let (X, M°) C (X, M) be the pair such that 9°\ {0} = T'js0 is the set
of m € I'y; such that the associated divisor Dy, is not contained in the support of E.

Let A = Eff'(X, M®) be the effective cone, and let AV C Pic(X, M°)y be its dual
cone. Then the a-constant of the pair (X, M) with respect to L is

1 / —(prigo (L).x)
= " (& Tae x dX,
# PIC(X, Mo)torsion AV

a((X,M),L):

where the integral is taken with respect to the Lebesgue measure on Pic(X, M°)Y,
normalized by the lattice Pic(X, M°)Y C Pic(X, M°)y.

Remark 5.2.3. If (X, M) is the pair corresponding to Campana points for (X, Dy,),
then the a-constant «((X, M), L) is equal to the a-constant of (X, Dy,) defined in
[PSTVA21, Section 3.3].

Remark 5.2.4. In order to compute the constant in Theorem [5.2.5] we will use a
different description of the a-constant. Let AY C AY be the collection of all linear
functions in Pic(X, M°)Y which evaluate to 1 at the class L and let (AY)° be the inte-
rior of AV. Then Rsq x AY — (AY)° given by (c, f) = cf is an analytic isomorphism.
We endow A} with the unique measure p such that the measure on Rsq X F corre-
sponds to the measure on AV under this isomorphism, where we take the measure on
Rs¢ to be the standard Lebesgue measure. If we write

B Volume(AY)
B # PIC(Xa Mo)torsion ’

aPeyre((X7 M)’ L)
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then a general result on cones [BT95, Proposition 2.4.4] implies
a((X,M),L) =a((X,M),L)(b(Q, (X, M), L) — 1)!apeyre((X, M), L).

This variant of the a-constant is used in Peyre’s and Salberger’s work [Pey95} |Sal98]
on Manin’s conjecture as well as in the work of Pieropan and Schindler [PS24a] for
its analogue for Campana points.

Now we can finally describe the leading constant.

Theorem 5.2.5. Let X be a proper split toric variety over Q, let L € Pic(X)q be a
big and nef Q-divisor class and let S be a positive integer. Let (X, M) be a smooth
toric pair which is quasi-proper with respect to L, and let (X, M) be its toric integral
model. Then there exists 0 > 0 and a polynomial Q of degree b(Q, (X, M), L) —1 such
that

Nexanzs(B) = BUEMD(Qlog B) + O(B™)),

as B — oo.

Assume that either L is adjoint rigid with respect to (X,M), or S = 1 and L
is toric adjoint rigid with respect to (X,M). Let D = a1D1 + --- + a,D,, be the
unique torus-invariant Q-divisor with Q-linear equivalence class a((X, M), L)L such
that pry, D + D(x ary is effective. The leading coefficient of Q is given by

B a((X, M), L)
= q@an Do xn p oo 1 o

p prime

where
Cp = (1 _p—l)#FMO Z p—am

meNM;eq

for all prime numbers p not dividing S, and

Cp,=1(1 _p—l)#FMo Z pom

meNy ,

for all prime numbers p dividing S, where aym = a1my + -+ + apMy,.
If L is adjoint rigid, then #T o = dim(X) 4+ b(Q, (X, M), L) and

Coo 2d1m(X) Z H

0E€EXmax =1
piCo

If L is toric adjoint rigid, then

Oy = 24m0) Z I(0)Co (o),

gEY

MO ,max

where Yz ., U8 the collection of mazimal cones in the fan Xy introduced in No-
tation I(0) is the index of the subgroup ([Dm)] | ¢(m) & o) in Pic(X, M°(0))

and

# PIC(X, Mo)torsion
# PIC(X7 Mo (U))torsion

Coolo) = Volume(Z,) dim(Z,)!.
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Here Z, is the polytope consisting of all linear functions

f V”_<[ ]GPIC(XM ( ))\m€I‘Mo(U)\FMo>%]R

satisfying f([Dm]) >0 for allm € T'ppo(p) \ Tage and f (ZmerMO(g)\FMo [ﬁm]) <1,
and the volume is computed with respect to the measure v such that V"' /A" has
volume 1, where A" is the image of Hom(Pic(X, M°(0)),Z) in V".

The proof of Theorem is based on the proofs of Salberger [Sal9§] and de la
Breteche |d1Bre0Ola) for Manin’s conjecture for split toric varieties with the anticanon-
ical height. In Theorem [5.2.10| we will give a geometric interpretation for the leading
coefficient of Q. In particular, this shows that for Campana points the constant agrees
with the prediction in [PSTVA21| §3.3]. We illustrate the theorem by applying it to
a few examples.

Example 5.2.6. In [PSTVA21| Section 3.2.1], the weak Campana points on
(P2, %Dl + %Dg + %Dg) over Z are considered and compared to the Campana points
on the same Campana pair. The set of weak Campana points is

{(x:y:2)|2,y,2 € Z\ {0}, ged(x,y, 2) = 1, zyz is squareful} C P*(Q),

while the set of Campana points is the subset consisting of the points (z : y : z)
such that each integer z,y,z is squareful. In |[PSTVA21, Propostition 3.6] it is
proven that the number of weak Campana points with Weil height at most B
and zyz # 0 is at least ¢;B%/2logB as B — oo, for some constant ¢; > 0.
Using Theorem we can compute a precise asymptotic for the number of
weak Campana points of bounded height. Let (IP’(Q@,M ) be the pair correspond-
ing to the weak Campana points on (]P’Q, %Dl + 1D2 + 1D3) For the divisor
class L = [Di] € Pic(P3), the proof of Lemma implies that the pair
(Pé,Mo) as in Definition 1s contained in the proper pair (X, M’) given by

"= {(0,0,0),(2,0,0),(0,2,0
M’ \ {(0,0,0)} and

,(0,0,2),(1,1,0),(1,0,1),(0,1,1)}.  Since I'py =

1, 2 _ 2
*prM/[D1+D2+D3]:§ Z [Dm}:_fK(X_,M/ﬁ

*/D =
PTM[I] 3 3

mel

the adjoint divisor of L with respect to (X,M) is 0 so we must have
([P’é,MO) = (Pé,M’). Furthermore, this description of prj,[Di] also implies
that a((Pg, M),[D:]) = 3 and b(Q,(X,M),[D1]) = rankPic(X,M°). Since
Dy, Dy and D3 are linearly equivalent to each other, the divisor D(1 0,1) is lin-

early equivalent to 2D(020) - 2D(002) + D(1 1,00 and similarly D(011 is lin-

early equivalent to 2D(200) — 2D(002) + D(l 1,0- By Proposition .5 1.3| these
are the only relations between torus-invariant prime divisors on (X, M®), so
Pic(X, M°) = Z* is freely generated by D(2 0,0)> D(O 2,0)5 D(O 0,2) and Dy 10y, and
thus b(Q, (X, M), L) = 4. The effective cone of (PF, M°) is generated by the divisors

D(2,0,0): D(0,2,0)> D(0,0,2): D1,1,0)s D(1,0,1)> D0,1,1) by Proposition [5.1.2] By subdivid-
ing the dual of the effective cone Eff'(X, M) into two Slmpllclal cones, we compute



110 5. Counting M-points on split toric varieties

the a-constant using [Bar93 Example 2.1]:

o((B3, M), [D]) 1
CL((]P%,M),[DJ)(Z)(@, (XvM)v[Dl])il)' 48

Since a((Pg, M)) Dy is linearly equivalent to 1 (D1 + Dy + Ds), we find Coo = 4-4-3 =
48.
Finally, for each prime,

We conclude that

#{(m:y:z) € P?(Q)

.y, 2 € L\ {0}, ged(z,y,2) =1,
xyz is squareful, max(|x|, |y, |z]) < B

B*?(Q(log B) + O(B™"))

as B — oo, where § > 0 is a constant and @ is a cubic polynomial with leading

coefficient

_=3/2

[T - (=2 32 ) ~ 0862
p prime (]— - p71/2)

Remark 5.2.7. In the previous example, there is a more elementary method to
see that there exists a constant ¢ > 0 such that for any real number B > 2 there
are at least ¢cB3/?(log B)® tuples (z : 3 : z) with |z, |y|,|2| < B and zyz squareful
and nonzero, which we will now give. For every choice of pairwise coprime integers
n1,Ng, N3, Ny, N5, Ng, if we set

(z:y:2) = (ninsng : n3nang : N3nans),

then zyz = H?Zl n? is a squareful number. The probability that 6 positive integers

less than a given bound are pairwise coprime is at least ¢’ = [, prime(lfg)(lf%)‘r’ > 0.
Thus the number N(B) of points (z : y : z) € P?(Q) with 2yz squareful and nonzero

and furthermore max(|z|, |y, |z|) < B is at least
d#{(n1,n2,n3,n4,n5,16) € (N*)® | max(ninsng, nanane, nanins) < B}.

The integer N(B) is equal to the integral c’f---fxeA(B) dzy ... dzg, where A(B)
is the set of all (1,...,26) € [1,00)8 such
that max(|x1]%|2s]|26], [v2]?[24] [76], [23)?|24]25]) < B. By using the trivial
upper bound |z;| <z, for all ¢ € {1,2,3,4,5,6} together with the change of variables
y; = logx;, N(B) is at least

d / . / et Tys doyy L dys,
y€A’(log B)

where A’(log B) is the set of all (21, ..., x6) € [0,00)° such that max(2y; +ys+ys, 2y2+
Y4 + Y6, 2ys + ya + y5) < log B. On the domain A’(B) the maximum value attained
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by the integrand is B3/2, which is attained on a three dimensional face F(log B)
of A’'(log B). Let ny,...,n3 € A’(log B) be vectors generating the normal space of
F(log B) with respect to the standard inner product on RS. Let F’(1) be an open of
F(1) N A’(1) which is bounded away from the boundary of A’(1). Then there exists
€ > 0 such that V(1) := {y —ain; —agnz —aznz € R | y € F'(1),a1,az2,a3 € [0,¢)}
is fully contained in A’(1). Let V(log B) = log BV (1). By the previous lower bound
for N(B), we see that

N(B) Z C/ / .. / €y1+m+y6 dyl Ce dy6.
y€V (log B)

The integral over V (log B) is equal to

/// /// B3/262?:1““mlﬂ*azn?,i*“a”“) da; das das du,
y€EF/(log B) a1,a2,a3€[0,€]

where p is the Lebesgue measure on F'(log B). This is in turn equal to
Volume(F”(log B))B*/?(1 + o(1)) = Volume(F'(1))B3/2(log B)*(1 + o(1))
as B — oo, which gives the desired lower bound for N(B).

Using the description of the b-invariant for weak Campana points given in Propo-
sition we can also determine the asymptotic growth for the number of points
on projective space for which the product of the coordinates is an m-full number,
generalizing Example [5.2.6

Example 5.2.8. Let m and n be positive integers. Then Theorem implies that

Z1,..., 2y € Z\ {0}, ged(z1,...,2,) =1,

ceeeixy) e Pt n =
7 (@1 Zn) @ Hxl is m-full, max(|z1|,...,|zn]) < B

i=1
B"™(Q(log B) + O(B~"))

as B — oo, where 6 > 0 is a constant and @ is a polynomial of degree

m4+n—1 m—1
n—1 n—1 -
As we have seen in Section [2.1.4] N(B) is the number of weak Campana points on
the Campana pair (P&‘l, Sy (1 — %) Di) of height at most B, where the divisors
D1, ..., D, are the coordinate hyperplanes. In particular, the log-anticanonical divi-

sor class is given by >.I" | L[D;] and Proposition [4.4.10| implies that the b-invariant
is equal to

—n+ #{(a1,...,a,) €N" | a1 +--- + a,, = m, min(ay,...,a,) = 0}.

m+n—1

The number of ways to write m as a sum of n (nonzero) integers is ( A ) (respec-

tively (’;’Z:ll)), which gives the expression for the degree of Q.
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5.2.3 Geometric interpretation of the constant

Before giving the proof of Theorem [5.2.5] we give a geometric interpretation for the
leading constant obtained in the theorem in the case where L is adjoint rigid with
respect to (X, M), by interpreting the constant as an adelic integral. In particular we
will show that the constant agrees with the prediction in [PSTVA21| §3.3]. We define
the Tamagawa constant by

7(Q,S,(X,M),L) ;:/ 1

dr, X,M°)>
(e M) (As o) Ha(Oxan Dyzrix @) MY

where H((x,am),0)L+Kx 15 the toric height corresponding to the Q-divisor class
a((X,M),L)L + Kx, as defined in [BT95, Definition 2.1.7]. The measure 7(x o)
is defined to be Tx oo X [, prime(1 — p QXML -y where the measures Tx oo
and Tx , are the local measures on X (R) and X(Q,) as in [CT10, §2.1.8] induced
by the toric metric on the canonical divisor class Kx as in [BT95, Theorem 2.1.6].

Equivalently, we can write

7(Q, S, (X, M), L) = / dur,s(x)

dr, X,M°)»
vex(ag) Ha(xan,nyirmy (@) M)

where dpr,.5 = [[pprime 0ar,p is the product of the indicator functions dps,, of the set
ptS

of M-points in X(Z,) for each prime p not dividing S.

Remark 5.2.9. The factors (1 — p‘l)b((X’M)’L) can be interpreted as an analogue

of the convergence factors considered in [CT10, Theorem 1.1]. Indeed, if we view

Pic(X, M°) as a Gal(Q/Q)-module by letting the Galois group act trivially on it,

then the corresponding Artin L-function is simply

L(s, Pic(X, M®)/{torsion}) = ((s)" ML) =TT (1 - p=o) (M0,
p prime

Theorem 5.2.10. In the setting of Theorem [5.2.5, assume that L is adjoint rigid
with respect to (X, M). Then the leading coefficient of Q is given by

_ a((X, M), L)
= WX, D6, (X, M), 1) — 115 (K AD D).

In particular, if (X, M) is a pair corresponding to Campana points, then the constant
is compatible with the prediction in [PSTVAZ21, §3.3].

C

Proof. We will prove the theorem by computing the the Tamagawa constant as a
product over all places over Q, which will show that it agrees with the product
Coo [T, prime Cp in Theorem The Q-divisor class a((X, M), L)L + Kx on X
is represented by the Q-divisor class a((X, M), L)D + Dy, where D is as in Theorem
and Dx = — > | D;. The Tamagawa constant is equal to the product

1

x®) Ha((x,M),1)D+Dx 00 (T)

y H / (1 _p—l)b(Q(X,M),L)(SM’p(x) drx
b ovime /X (@) ’

7(Q, 5, (X, M), L) =

dTX,oo

prime Ha((X,M),L)D+DX,p($)
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where Ha((X,M),L)L+KX = HUEQ@ Ha((X,M),L)D+DX,U as in IBT95, Definition 215]
and where we set dp7, = 1 if p divides S. We will first start with the archimedean
place oo.

For a maximal cone o € ¥, let C,(R) C X(R) be the subset as defined in [Sal98|
Notation 9.1]. As shown in the proof of [Sal98, Lemma 9.10], C,(R) is the set of all
(x1:---:xpy) € X(R) such that |x1],..., |z, < landz; = 1foralli € {1,...,n} with
pi ¢ o. In particular we can identify C,(R) with [0,1]%. Under this identification,
the measure Tx o, corresponds to the Lebesgue measure on [0,1]¢ as shown in the
proof of [Sal98, Proposition 9.16]. By construction, we have X(R) = ,cx_ Cr(R)
and the proof of [Sal98, Proposition 9.16] implies that C,(R) N Cy (R) for any two
maximal cones o # ¢’. Finally, for P = (z1 : - : ;) € Cy(R), the height is simply
given Ha((X,M),L)D—i—DX,oo(P) = H:}:Cla xi—ai. Thus we obtain

/ ! drx = 20m() 3" H / 2y dr; = Cue.

EX(R) Ho((x,M),L)D+Dx 00(T) o€ =1
pi C

Let p be a prime. By [Sal98, Proposition 9.14], the measure Tx , restricts to the
Haar measure on A4(Z,) = Z% for all toric subschemes A4 C X. In particular it
follows that for all m € 9M,..q, the set

Vi = {z € X(Q,) | mult,(z) = m}
has volume equal to (1 — p~h)dm(X)p=3itimi  Additionally, the function
Ho((x,0m),L)D+Dx,p 1S constant on Vi, where it takes the value pom—2i=1mi . This
implies
/ (1 —p~ QML) s, (2)
x@)  Ha(x.00).0)D+Dx p(7)

dTX,p =

(1 _ )dlm(X)—i—b (Q,(X,M),L) Z p —am
meNM,eq
if p does not divide S, and

_ o~ 1\b(Q,(X,M),L
/ (1 — p~HHQ(XM),L) drx,p = (1 — p~1)dmEO+BQ(X,M),L) Z pam
x(@y) Ha(x.a),)p40x p(2) 7 =

red

if p divides S. In either case, this agrees with the factor C, from Theorem Thus
we obtain
7(Q, 5, (X,M),L)=Cx [] Gy,
pI'lHle
proving the desired identity.
The compatibility with the conjecture in [PSTVA21| follows from this identity
together with the straightforward identity

dTU’,Dm dTU/

Ho((x,M),L)L+Kx+Dm  Ha((X,M),L)L+Kx

where U’ is the complement of the support of a((X, M), L)L + Kx + D, Ty is the

Tamagawa measure as in [CT10, Definition 2.8] and 7/ p,, = 7%~ O
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5.2.4 Part 1 of the proof of Theorem [5.2.5: upper bounds

This section is devoted to proving the following weak form of Theorem [5.2.5

Lemma 5.2.11. Let (X, M) be a smooth toric pair over Q which is quasi-proper with
respect to a big and nef Q-divisor class L on X. Then there exists a constant § > 0
and a polynomial Q of degree at most b(Q, (X, M), L) — 1 such that

Nixny,n.s(B) = B (Q(log B) + O(B™7)).

The proof of this lemma is based on the following Tauberian theorem by de la
Breteche.

Theorem 5.2.12. [dIBre01b, Théoréme 1] Let f: N¥ — R be a nonnegative arith-
metic function and let F' be the associated Dirichlet series

-3y )

rT1= 1 Tek= 1
Suppose there ezists o € R’;O such that F satisfies the following three properties:
(P1) For all s with Re(s) > a, the series F(s) converges absolutely.

(P2) There exist finite collections L = {ly,...,la} and Z of linear forms with non-
negative coefficients such that the function H defined by

H(s) s+aﬁ

can be analytically continued to a holomorphic function defined on
P2(6,) = {s € C* | Re(I(s)) > —61,Vl € L UZ},
for some positive constant 0.

(P3) There exists 62 > 0 such that for all e > 0,¢ > 0, the upper bound
[H(s)| < (1+ [[tm (8)[[§) TT(1 + [Tm (1i(s))[) 102 min{O-Re(i(s))
i=1

is uniform in the domain 2(5; — )N {s € C¥|Re(s) < (1,...,1)}.

Then there exists a polynomial Q of degree at most i — rank(ly, ..., lz) such that
B
B)=>_ - Z Flry,.. m) = BE=4(Q(log B) + O(B~))
T1:1 TE= 1

for all B > 1, where 8 > 0 is a constant depending on «, 61,02, L, %.

Remark 5.2.13. Theorem has a typo in its original formulation [d1Bre01bl
Théoreme 1], as it requires the the upper bound in (P3) to be satisfied on the whole
of 2(6; — €). This is a stronger assumption than necessary and desired, as it would
imply that H is bounded on R’;O, which would exclude the original application of the
theorem in |d1Bre0la].
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Dirichlet series

Since the height function satisfies Hyp(x) = Hp(x)! for any ¢ € Qso, we assume
without loss of generality that L € Pic(X). As L is integral, the function x(3) is
simply a monomial, and thus takes integer values on integer inputs.

For (r1,...,7¢) € NE we define f(ry,...,7x) to be

#{de (7)™

o) = rjforallj=1,...,k; ged(do, ..., d%) =1;
mult, (d) € M for all prime numbers p{ S ’

where mult,(d) = (vp(z1),...,vp(2,)) is the tuple given by the p-adic valuations of
the components of d, and the monomials

are defined as in Section B.11
In this notation, N(x ar) r,s(B) = 24m)S(B), where

Here the factor of 24m(X) accounts for the fact that f only counts the points that can
be described using positive coordinates. We estimate the sum S(B) by considering
the multiple Dirichlet series

pe= 3 S
ri=1 r=1

In order to apply Theorem [5.2.12] we will rewrite F' as a multiple Dirichlet series
of a multiplicative function. Let y: (N*)™ — {0,1} be the characteristic function of
the set

{d € (N")" | ged(d?,...,d%) = 1, mult,(d) € M for all primes p 1 S},
SO

flry,...orp) Z x(d)

5 s Ie8; 1 (s)
T Ty dy © gme

This equality implies
SIS —<1> 5
di=1 dp=1d =) e

Since the condition ged(d®,...,d%") = 1 only depends on the valuations mult,(d)
at each prime, the function y is multiplicative in the sense that

x(dd") = x(d)x(d")



116 5. Counting M-points on split toric varieties

for all d,d’ € (N*)™ satisfying ged(dy ... dn,d}...d),) =1
Since x is multiplicative, we can write

H Fy(s)
p prime

where for primes numbers p not dividing .5,

=y > M) prCE D DI

mi=1 mp=1 meNM.cq

and similarly for prime numbers p dividing S,

F

p(s) = Z p =),

meN]

Here we write Iy, = miIl® +- -+ m, (™ for m € N™. Note that for all ¢ € {1,...,n}
and s € QF, the value 1) (s) is the coefficient of D; in 2521 sjL(oj). This can be
seen as a direct consequence of the definition of the linear forms [(V), ... (") as given
in (5.2.1). For m € 'y, this gives a simple geometric interpretation for the linear
form ly,: for s € QF, the value Iy, (s) is the coefficient of Dy, in pr, Z;ﬂ:l s;L(0j).

Using the product formula F(s) = [[,ime £p(s), we determine an open set on
which F'(s) converges.

Proposition 5.2.14. The series Fp(s) converges absolutely in the region
V ={seCF|Re(lU(s)) >0 foralli=1,...,n}.
Furthermore, for any € > 0 and any prime number p & S,
Fy(s) =1+0(p™"7)

in the region V N {s € C¥ | Re(lm(s)) > 1 +e¢ for all m € M\ {0}}. Here the implicit
constant depends on € but not on p.
Consequently, the series F(s) converges in the region

VN {s € C" | Re(lm(s)) > 1 for all m € M\ {0}}.
Proof. The series

Z prc(lm(s)) _ H Z ( —Re(1V(s)) )mi

meNn? i=1lm;=1

v -1
_Re(l(l)(s))) for all s € V, as it is simply a product of

converges to []7"_; (1 —p
convergent geometric series. By comparing F,(s) with this series we directly obtain
the absolute convergence of F,(s) for s € V. Let my, ..., m; be the minimal nonzero
elements in M. Every nonzero element m € 91 can be written as m; + m’ for some
ie{l,...,t} and m’ € N", so |F,(s) — 1| is dominated by the series

(p— Re(lmy () 4 ... 4 p= Rellm, (s))) Y p Rellm),

meNn
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As 3 cnn p~ Relm®) s bounded on V N {s € C* | Re(lm(s)) > lforallm €
M\ {0}}, F,(s) satisfies the estimate F,(s) = 1+ O(p~17¢) on this region. In turn,
the estimate for p ¢ S implies that the product F(s) = [] F,

pprime Ip(8) converges
whenever s lies in

VN {s € C"|Re(lm(s)) > 1 for all m € 9\ {0}}. O

By Proposition [5.2.14] if a tuple a € R% ; satisfies Re(lm(cx)) > 1 for all m € M\
@

{0}} as well as Re(I'V (ax)) > 0 for all ¢ = 1,...,n, then condition (P1) from Theorem

5.2.12 will be satisfied. However, in order to find a good bound for N(x ) r,5(B)
using Theorem |5.2.12] we need to minimize the sum Z?Zl Q;.

Choice of «

Let &) be the following linear program: minimize the function Z§=1 oy, under
the conditions a; > 0 for all j = 1,...,k and lm(a) > 1 for all m € 9. Since
Iy = myl® 4+ mnl(")7 the latter condition is equivalent to the condition

k

Z a;jpryy L(oj) + Dx vy > 0.
j=1

This condition in turn implies that (Z?Zl a;)pry; L+ Kx ) € Eff'(X, M), so any

solution a to &) has to satisfy 2521 a; > a((X,M),L).

We will use the following proposition to show that the equality Z?:l o =
a((X, M), L) can be achieved.

Proposition 5.2.15. Let D = a1D1 + --- + a, D,, be a torus-invariant Q-divisor
representing L € Pic(X)g. Then

S I @ | wote) =0,
TEX max \piéo
where we recall the notation up = a1pup, + -+ anpp, . Thus
>, Loy [Ta={ > I[a)D
0E€ X max pigo 0E€Xmax Pigo

Proof. Let ¢ € ¥ be a maximal cone in the fan of X, and order the rays such that

p1,---pa are the rays in o, where d = dim X. Then n,,...,n,, forms a lattice basis
of N, since X is smooth. Denote the corresponding dual basis by n} ,...,n; € NV.

Then we see by definition that

d
up(o) = Z ainy, .
i=1
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Recall that a linear form N — Z is irreducible if it is not a positive multiple of another
linear form. For 7 a facet of o, we write u,, € NV for the unique irreducible linear
form which is zero on 7 and positive on ¢ \ 7. This linear form is simply given as
Ugr = M}, where p; is the unique ray in o(1)\7(1). We also write a, » = a;. By [Sal98|
Lemma 8.9(i)] there is a unique maximal cone o’ # o containing 7, which satisfies
7 =0’ No. Since uy , is also irreducible and zero on 7, we see u, , = :I:n;’;i. Since
there are n1 € o\ 7, ng € o’ \ 7 such that ny + ng € 7, we see uy r = —ny = —Ug s
Therefore, we get

n n

ool ITa|w)= > [ Tla|l D et

€Y max i=1 €Y max i=1 T facet of o
pigo pi¢o

Z Z H a; | ugr = 0. O

T facet of ¥ o0 €X nax =1
TCo pigo

Corollary 5.2.16. The Q-divisor class a((X, M), L)L can be represented by a Q-
divisor D = a1Dy + -+ + anD, on X such that ai,...,a, > 0 and such that
a((X, M), L)pry; D + D(x ) is effective. Furthermore, for any such D, there ex-

ists a vector o € RY ) such that D = Z§=1 a;L(oj) and Z§=1 aj =a((X,M),L).

Proof. Let (X, M) be a proper pair as in Definition4.2.21} Let D = a; D1+ -+a, Dy,
be a Q-divisor such that a((X, M), L) pr3; D + D x 77, is an effective Q-divisor. As
(X, M) is proper, this implies a1, ...,a, > 0 as Dxwn=— Zmerﬁ Dy is a divisor
representing the canonical class K y y7). Since a((X,M),L) = a((X,M), L), the

divisor a((X, M), L) priy; D+ D x,ry is simply the restriction of a((X, M), L) pri; D+
D x 71 to Div(X, M)g. Now Proposition [5.2.15| implies that if we take

HpiQUj @i

EU’GZIuax Hpiezo a;’

8 =

then D = Y"F_, B;L(c;).
By setting e := a((X, M), L)3, we find that

k
> " priy L(o) + Dix,ary = a((X, M), L) priy D + Dx )
j=1
is effective, Z?Zl a; =a((X,M),L)and a; >0 forall j=1,...,k. O

Choice of linear forms

In this section we will choose the set £ of linear forms, and we verify that conditions
(P2) and (P3) in Theorem [5.2.12] are satisfied with this choice.

Assumption 5.2.17. Without loss of generality, we assume that we have cho-
sen the representative D = a1Dy + -+ + a,D, of L such that the Q-divisor
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a((X, M), L)pry; D + D(x m)y = D_mer,, @mDm is effective and has maximal sup-
port: we assume @y, > 0 for as many m € I'; as possible for such a representative of
L.

Corollary For m € Iy, the coefficient of Dy, in a((X, M), L) priy D+ Dx
is given by () — 1. Thus, by Assumption m € ['y; lies in 91° if and only
if im(a) = 1. Let

Let (Xl M"i C (X, M) be the toric pair as in Definition and let a be as in
5.2.16

L ={lm |meTye}andZ =Y, . . 1M}

Since a; > 0 foralli =1,...,n, () (a) = m > 0. Furthermore, if m,m’ €
N™ satisfy m < m’ using the natural partial order on N”, then Re(Im(s)) < Re(lm/(s))
for all s € C* satisfying Re(1(V(s)) > 0. As Myed,mon \ M° has a finite number of
minimal elements in this ordering on N™ the continuity of the linear forms [, and
1) implies that there exist 2 > d; > 0, > 0 such that for all

s€ 2(6,) = {s € CF|Re(l(s)) > =0, Vl € LUZ},

we have that Re(lm(a+s)) > 14¢ for all m € Myeq mon \M° and Re(I) (a +5)) > .
Consider the function

H(s)=F(s+a) [] Im(s).

mel o
and write F(s)
S
= H GP(S)v
HmGFMo <(lm(S)) p prime
where

Gp(S)=< > p‘lm(s)> IT a-p ")

meENMied mel o

for all prime numbers p not dividing S.

The product
(5 o) T oo

meMNe mel o

is a finite sum of the form 1 + Zme] cmp’lm(s), where I C Myedmon is a fi-
nite set disjoint from I'p;o. In particular we see that the absolute value of
(X pim(ets) [Tmer,,. (1 — p~im(@ts)) 1 is bounded by #I - p~1~¢ for all
s € Z(01). By writing

Gp(s) = Z p ) 4 Z p~ =) H (1 —p_lm(s))7
meNe meM,oq\MN° mer o

we find that the function G (s) satisfies Gp(s + ) =1+ O(p~17°) for all s € 2(6)
and for all prime numbers p not dividing S, where the implied constant depends on d;



120 5. Counting M-points on split toric varieties

but is independent of the prime p. Thus the product G(s) = [, ,ime Gp(s) converges
to a bounded holomorphic function on a + 2(d1). Since s(s + 1) is a holomorphic
function, this implies that H(s) can be analytically continued to a function on 2(d;)

and therefore condition (P2) of Theorem [5.2.12]is satisfied.
Now, as in de la Bretéche’s work |dIBre0lal §4.3], we will use the upper bound

20(z4+1) < (Imz + 1)1_min(Rez’0)/3+€, T > Re(z) > —%,

valid for all ¢ > 0 and 7" > 0, which follows from |[Tenl5, Theorem II.3.8]. By
shrinking d; if necessary, we can assume that G extends to a holomorphic function on
the topological closure of ae + 2(61). Now since G(s) is bounded on o + Z(d1), this
implies that condition (P3) in Theorem [5.2.12]is satisfied with § = 1/3.

Thus all conditions of Theorem [£.2.12] are satisfied with the choices made above
for at, 01, 02,-% and Z.

Determining the rank

To finish the proof of Lemmal(5.2.11] we need to determine the rank of .. We will first
compute the rank of the matrix given by the linear forms [(M), ... ("), For vectors
i, ..., 1, € R¥ we write (I,...,l,) for the matrix with rows I, ..., 1,.

Proposition 5.2.18. If L is a big and nef Q-divisor class, then the rank of the
matriz (I, ..., 10) is dim(X) + 1. Consequently, any Q-divisor in Div(X)q that is
Q-linearly equivalent to 0 lies in

k k
V_<Zyjpr?\4L(O'j) (yl,...,yk)er’Zyj_0>.
j=1

j=1

Proof. Without loss of generality we can assume that L is a divisor class, rather than
just a Q-divisor class. We represent L by the divisor D’ := L(o1) = o} D1+ --+a,, D,.
Then we have pp/(o1) = 0, so the first column of the matrix (I, ... 1) is just
(a},...,al). Since L is a nonzero divisor class, the divisor L(o1) does not lie in the
linear span of the divisors L(o1) — L(032),...,L(01) — L(og). Therefore

rank(IM, ... 1) = rank(A) + 1,

where A is the matrix such that the coefficient in position (7, §) is (up/(0;),np,). Since
a nef divisor on a toric variety is globally generated by |[CLS11, Theorem 6.3.12], we
see by |CLS11, Theorem 6.1.7] that rank(A) = dim Pj, where P is the polyhe-
dron associated to L as defined in |CLS11| §4.3]. By [CLS11, Lemma 9.3.9] we also
have dim P;, = dim(X), as L is big. The vector space V is contained in the kernel
of Divyp(X)g — Pic(X)g. By |CLS11, Theorem 4.2.1.] this kernel has dimension
dim(X), but rank(IV, ... 1) = dim(X) + 1 implies V has dimension dim(X) as
well, so V is equal to the kernel. O

We view .Z as a linear map QF — QU'v° | so that #I"p0 —rank(.#) = rank coker .Z.

Proposition 5.2.19. The rank of coker .Z is equal to b(Q, (X, M), L) — 1.
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Proof. The cokernel of . is the dual space of the kernel of the dual map .2 : QV»° —
Q*. This kernel is

x€ Q| Y Im(ej)zm =0forall j € {1,...,k}
mel o

Recall that, for all j € {1,...,k}, L(o;) = >, 1 (e;)D; by the defining formula

(5-2-1) for 1 (e;), so prise L(o;) = > meT, o lm(€;)Dm. This implies that the kernel
is isomorphic to

{x € Div(X, M°)g | x(pryse L(oy)) =0Vj € {1,...,k}}.

Every such function is zero on torus-invariant principal divisors, as Proposition[5.2.1§
implies that these are the divisors of the form 25:1 y; priy; L(oj) for (ya,...,yx) € QF

satisfying Z?Zl y; = 0. This implies that the kernel is naturally identified with
{x € Pic(X, M°)g | x(priy L) = 0}.

As (X, M°) is quasi-proper with respect to L as (X, M) is quasi-proper, pri,. L is
not Q-linearly equivalent to zero, so rank coker . = rank Pic(X, M°) — 1.

The class of a torus-invariant prime divisor Dy € Div(X, M) is contained in
the minimal face of Eff' (X, M) containing a((X, M), L) pr’, L + K (x ) if and only
if m € I'ps \ T'pro, by construction of the pair (X, M°). Since the effective cone
Effl(X , M) is generated by torus-invariant divisors by Proposition this implies
that b(Q, (X, M), L) = rank Pic(X, M®) finishing the proof. O

Proof of Lemma|5.2.11] Theorem [5.2.12] implies that
Nixan),1,5(B) = BXMDD(Q(log B) + O(B™7)),

where @ is a polynomial has degree at most b(Q, (X, M),L) — 1 and 6 > 0. This
finishes the proof of the lemma. O

5.2.5 Part 2 of the proof of Theorem [5.2.5; computing the
leading constant

Now we will show that the polynomial @ has the expected degree for any big and nef
Q-divisor L. We will furthermore compute the leading constant under the assumption
that the Q-divisor L is toric adjoint rigid with respect to (X, M).

We first notice that it suffices to prove Theorem for adjoint rigid and toric
adjoint rigid Q-divisors L satisfying a((X, M), L) = 1.

Proposition 5.2.20. To show that the polynomial QQ obtained in Lemmal5.2.11] has
degree b(Q, (X, M), L) — 1, it suffices to assume that a((X,M),L) =1, S =1 and L
is toric adjoint rigid with respect to (X, M).

Proof. We can assume without loss of generality that a((X,M),L) = 1 since the
height function satisfies Hyz,(x) = Hp(x)" for any ¢t € Qs, and thus N(x ) ¢, s(B) =
Nix,my,z,s(B"). The pair (X, M°) is a pair that is quasi-proper with respect to L,
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and L is toric adjoint rigid with respect to (X, M°). Furthermore a((X,M),L) =
a((X,M°),L) and b(Q,(X,M),L) = b(Q,(X,M°),L) = rankPic(X,M°) as in

the proof of Proposition [5.2.19, By Lemma [5.2.11] we know that Nasp s(B) =
BUXM).L) (Q(log B) + O(B~7)) as B — oo for some # > 0 and some polynomial Q
of degree at most b(Q, (X, M), L) — 1. Note that furthermore

Nx,mn),z,s(B) > Nix aey, 0,1 (B).
If we assume that Theorem is true if a((X,M),L) =1, S =1 and L is toric
adjoint rigid with respect to (X, M), then this implies
Nix ey, pa(B) = BAD(Q'(log B) + O(B™7)),
for some polynomial @’ of degree b(Q, (X, M), L) — 1. Now the basic inequality

Nix,am),0,5(B) > Nix,mey,0,1(B)

implies that the degree of Q is at least the degree of @', and thus () has degree
b((X,M),L) —1 as well. O

Assumption 5.2.21. Henceforth we assume that L is adjoint rigid with respect to
(X, M), or that it is toric adjoint rigid with respect to (X, M) and S = 1, and in
these cases we will compute the leading coefficient of the polynomial Q.

Assumption 5.2.22. The constant C in Theorem [5.2.5 does not depend on
the choice of the integers di,...,d, determining the pair (X, M°) as in Notation
5.1.12] Therefore, we will assume that the integers are chosen large enough to en-
sure a(Q, (X, M), L) = a(Q, (X, M°), L). Note that such integers exist as (X, M°) is
quasi-proper with respect to L.

We will prove Theorem [5.2.5] using another theorem of de la Breteche.

Theorem 5.2.23. [dIBre01b, Théoréme 2(ii), Remarques (ii)] In the setting of The-
orem assume that the following additional conditions are satisfied:

(C1) There exists a function H such that H(s) = H(I1(s),...,lx(s));
(C2) the vector (1,...,1) € R¥ is a strictly positive linear combination of ly,. .., lx;
(C3) i) = =ls(ax) = 1.
Then the polynomial QQ satisfies the relation
Q(log B) = CyB~ i % Volume(D(B)) + O(log(B)*~1),
as B — co. Here p:=n —rank(ly,...,ls), Co := H(0,...,0) and

Hyii(ej)gB Vj:17...,k}-

D(B) = {y € [1700)7”1
i=1

We will apply this theorem for the same series as in the proof of Lemma [5.2.11]
We thus only need to verify conditions (C1), (C2) and (C3) and then estimate the
volume and show that H(0,...,0) # 0. Due to the way we chose .Z, condition (C3)
is trivially satisfied. We first show that condition (C2) is satisfied.
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Proposition 5.2.24. If (X, M) is a smooth toric pair such that 0 € Pic(X, M) is
a toric rigid divisor, then the monoid N, C N introduced in Definition 5 a
lattice.

Proof. We argue by contradiction, and assume that NAJ} is not a lattice. Then the
cone generated by NAJCI is not a vector space, and thus there exists a linear form
f: Nr — R such that the half-space H = {n € Ng | f(n) > 0} contains N}, but not
—Nj,. Since (X, M) is smooth, N, is finitely generated, so the linear form f can be
chosen such that it restricts to a homomorphism N — Z, i.e. to an element in NV.
Using the description of Pic(X, M) given in Proposition |5.1.3] u this implies that the
divisor > e, f(¢(m)) Dy, is linearly equivalent to 0. By construction f(¢(m)) >0
for all m € T'yy and f(¢(m)) # 0 for some m € T'ys, so this is a nontrivial torus-
invariant effective divisor. This is in contradiction with the fact that 0 is toric adjoint
rigid with respect to (X, M). O

Using the above proposition and the fact that L is toric adjoint rigid with respect to
(X, M), there exist coefficients ¢, > 0 corresponding to the generators m € I'jzo such
that ZmerMo cm®(m) = 0, where ¢: N* — N is the homomorphism in Definition
[B.:22l Therefore the sum

Y dm(eem= Y (am— (pr(oy),om))em = Y cm Y am; >0

mEFMo mEFMo mEFJWO =1

does not depend on j, and thus

Z mcm— Z szazmz )"'71)7

mel o mel o

so B=(1,...,1) is a positive linear combination of the linear forms in .#, and hence
condition (C2) of Theorem [5.2.23|is satisfied. Finally, condition (C1) will follow from
the following proposition.

Proposition 5.2.25. The Q-divisor L is adjoint rigid with respect to (X, M) if and
only if for everyi = 1,...,n the linear form 1% lies in the linear span of £. Similarly,
the divisor L is toric adjoint rigid with respect to (X, M) if and only if for every
m € M the linear form ly, lies in the linear span of £ .

Proof. We give the proof for the toric adjoint rigid case, and we note that the adjoint
I‘lgld case is proved analogously. By Corollary [5.2.16] any representative D = a1 D1 +

<~+anDy of a((X, M), L)L with ay,...,a, > 0 can be written as D = Zj Lo L(0j)
with aq,...,a > 0, for some solution «a of the linear program ;. From this we
obtain the expression

prys D+ Dix ) = Z (lm(a) = 1)Diy

mel

which implies that L is toric adjoint rigid with respect to (X, M) if and only if for
every m € I the value Iy, () does not depend on the choice of a solution a to the
linear program Z2);.



124 5. Counting M-points on split toric varieties

If the linear form I, lies in the linear span of .Z for every m € 9, then the the
values of the linear forms in . evaluated at a determine the value of Iy, () for all
m € M. Since for every | € £ we have I(a) = 1 by definition, we therefore see that
L is toric adjoint rigid.

Conversely, assume that [, is a linear form not in the span of £ for some m’ €
9. Then there exists 3 € R* such that Iy (3) = 1 but [(8) = 0 for all | € Z.
Let D be a representative of L satisfying Assumption [5.2.17] and take a such that
D = Z?:l a;L(oj) and a; > 0 for all j = 1,...,k. For every m € I'j; such that
Im € £ we have I, () > 1, by construction of .Z. Therefore, there exists € > 0 such
that Im(a+¢3) > 1 for all m € M and a + €3 > 0. This implies that a + €8 € R%
is also a solution to &y;. Since Iy (a+€3) # ly (), this implies that L is not toric
adjoint rigid. O

Note that F(s) is always a function of the linear forms (V) (s), ..., 1" (s). Further-
more if S =1, then F(s) is a function of the linear forms I, (s) for m € T'y;. Hence
condition (C1) is satisfied by Proposition since either L is adjoint rigid or L
is toric adjoint rigid and S = 1. Thus we can apply Theorem [5.:2.23] to determine the
leading constant. By this theorem, the polynomial @) giving the asymptotic satisfies

Q(log B) _ 2dimXCOI(B)/Ba((X,M),L) + O((log ‘B)b((Qg,(X,M),L)—Q)7

where
Co=H(0,...,0)

and I(B) is the volume of the domain

D(B)={xe[loo) | [ «m'® <B,vj=1,...k

mel o

Thus to prove Theorem it remains to compute Cy and estimate I(B) as B — co.
First we will compute Cp.

Proposition 5.2.26. The value of H at the origin is equal to the infinite product

Co = H (1_p—1)#1‘Mo Z pm

p prime meNM;eq
plS
L a-pme 3 g
p prime meNT
pts

and this quantity is positive. Here we recall ay, = Z?:l msa;. Furthermore, if L is

adjoint rigid, then #I'yo = dim(X) + b(Q, (X, M), L).

Proof. Note that

H(s)=G(s+a) ] tm(s)((lm(s)+1),

mel o
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and

Gy(s) = <Z p‘l'"(s)> I a-p ")

meM mel o

for any prime number p not dividing S and similarly

Gps)=1| > p ™| ] a—p™®)

meN?

Ted mel o

for any prime number p dividing S.

Thus the limit lim, o 2{(z + 1) = 1 implies H(0,...,0) = G(a). This gives the
desired identity for Cy under the assumption that the product converges. Each term
C, in the product is positive and C, = 1 + O(p~°), where the implied constant is
independent of p and ¢ is the smallest between 2 and the minimum of all values
Im(a) = ay for m € MM\ M°, so the product thus converges to a positive constant.

Now assume that L is adjoint rigid with respect to (X, M). We claim that
this implies that the map NY — Divp(X, M) is injective. If it were not injec-
tive, then there exists 4 € NV such that prj,div(x*) = 0. But then there ex-
ists ¢ € Q such that pr}, div(c + x*) is a nontrivial effective divisor on (X, M).
This implies that 0 € Div(X, M) is not a rigid divisor, which contradicts the fact
that L is adjoint rigid with respect to (X, M). Thus Proposition implies
#IDpo = dim(X) + rank Pic(X, M°). Furthermore, the proof of Proposition
shows rank Pic(X, M°) = b(Q, (X, M), L), so we obtain the desired expression for
4T ppo. 0

Now it remains to estimate the volume of the set D(B). In order to simplify
notation, we assume M = M°, which we can do without loss of generality as the
definition of D(B) only depends on (X, M°) and not on (X, M). The set D(B) is
a generalization of the set D(B) defined by Salberger [Sal98, Notation 11.28] in his
study of rational points on split toric varieties, and we will use the same approach he
used to estimate its volume.

We regard D(B) as a closed subset of the real locus of the universal torsor of
(X, M), where the universal torsor is as in Deﬁnition As we assumed M = M°
and a((X, M), L) = 1, we have pry; D = —D(x ap). In order to estimate the volume
of D(B), Salberger splits it up as D(B) = Uyes,... D(B,0) using what he calls the
toric canonical splitting [Sal98| Notation 11.31]. We will similarly split up D(B), but
we will use the splitting induced by the fan Y57 as given in Notation rather
than ¥. The fan Y; has the property that for all m € I'y;, the ray spanned by an
element ¢(m) € N lies in Y57, and all rays in Y7 are of this form. This property will
aid in computing D(B).

Since the dense torus in X is U = Hom(NV,G,,), the real locus of the torus
is U(R) = Hom(NV,R*). By composing with the logarithm of the absolute value
R* — R: x + log |z|, we obtain a homomorphism

U(R) — Hom(NY,R*) = Nz.

Recall that Uy is the dense torus in the universal torsor Yy, of (X, M). The mor-
phism Yy, — X induces a homomorphism Uy (R) — U(R). By composing these
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homomorphism with each other, we obtain a homomorphism
Log,,: Uy (R) — Hom(NY,R*) = Ng.

For 0 € Yg7 0, Write Cm,0,0(R) for the inverse image of —o under the map Log,,
and write D(B, o) = D(B) N Cum,00(R). Since for any two distinct maximal cones
o,0’, their intersection o N ¢’ lies in a proper subspace of Ng, the intersection of
D(B,0) N D(B,¢') has Lebesgue measure zero and thus

/D . (5.2.2)

where the measure is the standard Lebesgue measure on R'™. We will compute
S DB,y 4X for each maximal cone o € ;.

CEXT m

As in [Sal98, Proposition 11.22], we can describe when a point lies in Ciz»0(R).
The cone o contains exactly d = dim X rays. Let d; be the number of rays in ¢ which
lie in Xps. Let r = #Xp/(,)(1) — d be the number of raysin ¥,/(,) which lie outside
of 0. Order the rays pi,...,pria in X)) such that pry1,..., pryq, are the rays in
both ¢ and ¥ and pyy1,..., priq are the rays in 0. Let my,...,m,44 € Ty be
the elements corresponding to the rays pi,...pr4q, and set n(d = o(m,.;) for i =

d. AsnM .. n@ are integer multiples of the ray generators of p,i1, ..., prid,
they freely generate a finite-index sublattice N, of N. Let (u™, ..., u(9)) be the
corresponding dual Z-basis of NY D NV and set

D(i)= Y (1, 6(m))Dm € Divy (X, M)q,

mel

where Dp is the prime divisor on (X, M) corresponding to the ray p. Note that

_prM Z @) np

pPEX(L)
by construction, so D(7) is Q-linearly equivalent to 0. Furthermore, since pM @
is a basis for N, (D(1),...,D(n)) is a basis for the vector space of all torus-invariant

Q-divisors on (X, M) linearly equivalent to 0.

Proposition 5.2.27. Let x € [1,00)'. Then x € Cis.0.0(R) if and only if xP0) < 1
foralli=1,...,d.

Proof. The proof is identical to the proof of [Sal98| Proposition 11.22]. O

For i € {1,...,r +d;}, we write D; := Dy,, € Div(X, M) for the divisor corre-
sponding to the ray p; C Xj;.

Set B

E(i) :== Dyyi — D(i) if pryi € Zpr(1)
and
E(i) := —=D(1) if pryi € Z37(1) \ Zar(1).

By construction, the divisor £(i) is supported on the divisors Dy € Div(X, M) such
that ¢(m) ¢ o and it is Q-linearly equivalent to D,; if p,4; € ¥ (1) and otherwise
it is Q-linearly equivalent to 0.
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Notation 5.2.28. Note that for a maximal cone o € Y37 and a Q-divisor class L’ €
Pic(X, M)g, there is a unique representative L'(c) € Divy (X, M)g of L' supported
only on the divisors Dy, € Div(X, M) with ¢(m) ¢ 0. For a maximal cone o € X5,
we write (prj; L)(o) for the restriction of (prizL)(o) to (X, M). Similarly, we write
Dx (o) € Div(X, M)q by viewing D’ = D(x ar) as a divisor on (X, M) and by
restricting D'(o) to (X, M).

In particular, for a maximal cone o € X7 and L € Pic(X)q,

(priy L)(0) = pri (L(7)),
where 7 is the unique maximal cone in X containing o.
Lemma 5.2.29. D(B,0) is the set of all (x1,...,Zria,) € Xaro(R) C R™T satis-
fying
1. min(zq, ..., Tr4q,) > 1,
2. x(Pru L)(0) < B,
8. xFO > foralli=1,...,dy, and xFD > 1, foralli=d, +1,...,d.

Proof. By Proposition x € [1,00)"'™ lies in x € Cpr00(R) if and only if the
first and third conditions are satisfied. Since x(Ptar L)(9) — HmerM xi,r{‘(ej) for the
unique maximal cone o; € ¥ containing o, it remains to show that x(Priu L)(9) < B s
equivalent to x(P"h L)(@) < B for all o’ € Y57- Because the divisors D(1),...,D(d)
generate the kernel of Divy (X, M)y — Pic(X, M)g, we must have (pry, L)(o’) =
(pri; L)(o) + Z?Zl ¢;D(i), for c1,...,cq € Q. Let & and o’ be the unique maximal
cones in ¥ containing o and ¢’, respectively. By considering the pullbacks of L(7) and
L(o’) to (X, M), ¢; is equal to the coefficient of D,.; € Div(X, M) in the pullback of

L(07) — L(7) to (X, M), for all i € {1,...,d}. As the coefficient of D, ; € Div(X, M)
in pri; L(@) is zero, and L is nef, me must have ¢; > 0 for all i € {1,...,d}. Therefore
Proposition implies

x(Prir D)) < 3 (briy D)(@),

as desired. O
Similarly, we define Q(B, o) to be the set of all (z1,...,z,) satisfying
1. min(zq,...,2z.) > 1,
2. xPri L)(9) < B,
3. xF0) >1, foralli=1,...,d.

By Fubini’s theorem, we can compute D(B, o) by first integrating with respect to
(Tr41s- -5 Trid,) and then with respect to (x1,...,2,):

dy
/ dx = / H(XE“) —1)dz; ... dz, (5.2.3)
D(B,o) Q(B,0) ;4
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This equality combined with

d; T
> E(i) = =Dx.an(0) = Y Di (5.2.4)
i=1 i=1
implies
& dry  dw
/ dx = / x Do @ T —x#0)— ==, (5.2.5)
D(B,0) Q(B,o) i=1 1 or

Let Thr(s) C Yar(o) be the Picard torus for the pair (X, M (o)) as in Definition |5.1.15

The projection Yy C Agrd — Ay onto the first r coordinates induces an analytic
homomorphism

Thr(o)(R) = (RX)"
(1, oy Trga) = (21, ..., Tp)

of Lie groups. The identity component Ths(,)(R)* of Th(,)(R) C R™ is the set
of points with positive coordinates, and the analytic homomorphism restricts to
an analytic isomorphism Thr)(R)™ — RL,. For i € {1,...,d1}, the image of
E(i) in Divp(X, M(0)) is Q-linearly equivalent to D,.;, so x¥@) = g, for all
x € Th(o)(R)*. Furthermore, since —Dx a)(0) is Q-linearly equivalent to —D(x ary,
viewed as Q-divisors on (X, M (o)), the isomorphism identifies the set Q(B, o) with
the subset F(B) C Ty(»)(R) given by the elements (x1,...,2,1q4) With

1. min(zq,...,2z.) > 1,

2. x(rrar D)(0) < B,

Under the isomorphism Ths(,)(R)* — RZ,, the differential form dzy (;IT on
(R*)™ corresponds to the torus-invariant differential form i Lo i"”' on Ty (R)T.
Consequently, we find the following analogue of [Sal98| Equatlon (11.37)]
il dx dx
dx:/ x P TT (1 = 1/2,4) — ... —=. (5.2.6)
/D(B,a) F(B) E T Ly
We will now first focus on estimating
d d
I(B,o) = / x~Poxan S S (5.2.7)
F(B) I Ly

and then we show in Lemma [5.2.31| that fD y dx ~ I(B,0) as B — oo.
There is an analytic isomorphism

¥: Thr(oy(R)T = V := Hom(Pic(X, M (0)),R)
given by (z1,...,Zr4a) = (Y1, .-, Yr+d), where y; =logz; for i € {1,...,r +d}.

Let Hom>o(Pic(X, M (0)),R) C V be set of linear functions which are nonneg-
ative on effective divisor classes on (X, M(c)). Then the isomorphism 1) sends the
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set Tfltg) (R) consisting of all (x1,...,24a) € Taro)(R)* with 21,..., 2,44 > 1 to
Hom>((Pic(X, M (0)),R).
Let b = logB. The image E, := (F(B)) is the set of all ¢ €

Hom3>((Pic(X, M(0)),R) with ¢(pry,; L) < b. Let v be the Haar measure on V
such that the volume of V/A is 1 for the lattice A := Hom(Pic(X, M (0)),Z). Under
the analytic isomorphism v, the differential form <421 dzr gots sent to dyi ... dy,.

N N Tl e Zr - :
Recall that I(o) is the index of (Dy,...,D,) inside Pic(X, M(0)). As (D1,...,D;)

is torsion-free, it has index #Pic(X,IJ\(;()a))ms;on in Pic(NX, M (o))/{torsion}. Thus the

lattice A has index #Pic(X,IIL(;()cr))mrsiDn in ((D1]*,...,[D,]*). This implies

_ I(o)
# PiC(X, M(U))torsion

and thus Equation (5.2.7) becomes
_ (o)
N # PIC(X, M(U))torsion

We write @; for the coefficient of D; in pr’l‘w(o) L. Note that pr’l‘w(o) L+ Dx ) =

St @Dy, and a; = 1if i <7 +dy.

Let V" € R4 % be the vector space of linear functions ([Dyya, 1], - - -, [Dria]) —
R. The projection V. — V” given by (y1,...,Yr+d) = (Urtdi+1s---sYrid) iM-
plies the existence of a splitting V' = V' x V", where V' = {(y1,...,yr4d) € V |
Yrtdy+1s - - - Yrtd = 0}. The space V' is naturally identified with Hom(Pic(X, M), R),
and the Haar measure v’/ on V' induced by v on V' is the measure such that the volume
of V'/A"is 1, where A’ := Hom(Pic(X, M), Z). Similarly v induces the Haar measure
V" on V" such that V”/A” has volume equal to 1, where A” is the image of A in
V. Under the isomorphism V = V' x V", the measure v corresponds to the product
measure v’ X v/, so Fubini’s theorem implies that

dv,

dy; ... dy,

I1(B,0)

/ exp(yr +--- + y7-+d1)dV. (5.2.8)
Ey

I
I(B’ 0) B # PIC(X, M(U))torsion

) / exp(y1 + +++ + Yrya,) Volume(Zo (b — y1 — -+ = Yrya,)) &/
EynV’

_ I(0) Volume(Z,(1))
# Pic(X, M(0))torsion

X / exp(yl 4t yr+d1)(b = — yr+d1)dim(Za(1)) dl//,
E,nV’

whete Zy(¢) = {(Urpansts- s rva) € V701 [0,00)8 8 | S Gy < o is a
polytope and the volume is with respect to the measure v”/. Note that the polytope
Z4(1) is the polytope Z, in Theorem

Under the identification of V’ with Hom(Pic(X, M),R), the subset E, NV’ is
the set of linear forms ¢ which are nonnegative on effective divisors and such that
&(=K(x,m)) <b. Let A: V! = R be the linear form

)\(yla-- -7yr+d1) =1+ Yrtd,
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obtained by evaluating at the anticanonical class —K(x ap) of (X, M). As the volume
of the fibre above any y € [0, 00) is equal to

# Pic(X, M)torsion@Peyre (X, M), L)y @A D=L,
where apeyre((X, M), L) is as in Remark integrating along the fibres of A gives

/ exp(y1 + .. +yr+d1)(b_y1 — ... _y'r—&-dl)didl 4’
EynV/
:# PIC(Xa M)torsionaPcyrc((X, M), L)

b
% / exp(y)yb(Q,(X,M),L)fl(b o y)dlm(Z(l)) dy
0

Thus we have shown the equality

_# Pic(X, M)iorsiond (o) apeyre (X, M), L) Volume(Z(1))

I(B
( ’ U) # PIC(X7 M(U))torsion
, (5.2.9)
< [ explyyh @A i) g,
0
We will now determine the main term in the integral.
Proposition 5.2.30. For allr,s € N and b € (1,00),
b
/ exp(y)y’ (b —y)* dy = slexp(b)b” + O(exp(b)b" )
0
as b — oo.
Proof. Let
b
I(r,s,b) := / exp(y)y" (b —y)° dy.
0
If either r or s is zero, the integral is given by
_ - k 7! r—k r—+1
I(r,0,b) = exp(b) Z(—l) e k)!b +(=1)" ",
k=0
or
- s! s—1

Further integrating by parts, we obtain I(r,s,b) = sI(r,s — 1,b) — rI(r — 1,s,b) if
r,s > 1, which directly implies the result. O

Therefore we find
- # PiC(X7 M)torsionI(U)aPEyrE((X7 M), L) Volume(Z[,) dlm(ZJ)'
# Pic(X, M(0))torsion (5.2.10)
x B(log B)"@CCMLL)=1 L O(B(log B)Y(@(X:M),L)=2)

I1(B,0)

To finish the proof of Theorem for toric adjoint rigid divisors, all that remains
is to show that fD(B o) dx ~I(B,0).
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Lemma 5.2.31. For every maximal cone o € Y7,

/ dx = I(B, o) + O(B(log B)"(@X:M).L)=2)
D(B,o)

as B — 00, so (5.2.2)) implies

1(B) = Z I(B, o) + O(B(log B)"(@(X:M),L)=2)

€Sy
as B — oo.
Proof. By , it suffices to show
R; = x~Pexan /xi% L dw O(B(log B)"(@(X:M).L)=2)
F(B) T1 Ty
as B — oo, forany i =r+1,...,r +d;.

Let (X, M’) be the pair given by D' = M° \ {m}, where m is the element cor-
responding to the coordinate z;. Then R; = fF(B) x*D(X,MU%l ... ‘i—‘?. We can

estimate this integral in exactly the same way as in the computation of the asymp-
totic growth of I(B, o), to get

R; = O(B(log B)b(Q(X’M/)’L)_l)
as B — co. Now since [D;] does not lie on the minimal face of Eff* (X, M) containing
pry; L 4 K(x,ay, we have b(Q, (X, M’),L) = b(Q,(X, M), L) — 1, which gives the
result. O
Putting everything together, we conclude that the polynomial ) satisfies

Q(log B) _ 2dimXCOCv(10g B)b(@,(X,M),L)—l + O((log B)b((@,(X,M),L)—Q)7

where
Co = H (1—ph)#hae Z pm
p prime meM,eq
p|S
x I @=p Hy#rwe Y= prom,
p prime meNy
ptS
and ~
C= aPeyre((Xa M)vL) Z I(U)COO(U)’
TEXAT max
where

o PIC(X, M)torsion
B PIC(X, M(U))torsion

This finishes the proof of the toric adjoint rigid case of the theorem.

Coo(0)

Volume(Z,) dim(Z,)!.
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The leading constant in the adjoint rigid case. From now on we will assume
that L is adjoint rigid with respect to (X, M). As this implies that L is toric adjoint
rigid with respect to (X, M), we can use the expression we derived for the leading
coefficient of ). We have already seen in Proposition that #T" po = dim(X) +
b(Q, (X, M), L). Therefore, all that remains is to prove

C= aPeyre((Xv M)a L)COO7

where C, is the constant given in Theorem [5.2.5|in the adjoint rigid case. We start
by computing the volume of the simplex Z,.

Proposition 5.2.32. The simplexr Z, has dimension d — dy and its volume is given
by
Pic(X, M Lsion
Volume(Z,) = ic(X, M(0))sorsio ’

(d - dl)'# PiC(X, M)torsion H;;ii,_dl_t,_l ai

where we recall that a; is the coefficient of D; in pr}‘\/[(a) L.

Proof. By Proposition [5.2.25] the Q-divisor class pri; L + K(X,M) is rigid, so the

subgroup G of Pic(X, M (o)) generated by the divisors classes [Dyyd,+1),- -, [Dr+d]
is a free abelian group of rank d — d;. Therefore V' = R4 and Z, C V" is a
simplex with vertices

(G} g, 11:0,---,0),...,(0,...,0,a} ).
Thus the volume of Z, is given by

Volume([0, 1]4-91)
(d - dl)' H:i;i+d1+1 a;

Volume(Z,) =

The volume of the hypercube [0, 1]9~% with respect to the measure v is the reciprocal
of the order of the kernel of the quotient homomorphism Pic(X, M (c))/{torsion} —
Pic(X, M) /{torsion} induced by the restriction Div(X, M (o)) — Div(X, M). Since
the kernel G of Pic(X, M (o)) — Pic(X, M) is torsion-free, the volume of the hyper-

cube is Volume([0, 1]4=%1) = #;i;i(j((}(M]&")i%éfsw". O

The previous proposition implies

melg; m
PmECT
SO
~ 1
C = apeyre(X, M), L) > I(0) ] —.
OCESET max mely;
PmEC

The following proposition finishes the proof of Theorem [5.2.5
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Proposition 5.2.33. For every maximal cone o' € X, we have
1 |
> 10 11 —=1I o

where the sum runs over all mazimal cones in Y5 contained in o’

Proof. Let o be a maximal cone in ¥5;. The index I(0) is equal to the cardinality of
the quotient of Pic(X, M(c)) by the divisors {Dm, | m € T'y(o), #(m) € o}. We can
view this quotient as the Picard group of the pair (X, M), where

My ={(0,...,0)} U{m € 'ysr) | ¢(m) € o}.

Now Proposition implies that Pic(X, M,) is the cokernel of the homomor-
phism NV — Divy(X,M,). As o is a cone of dimension d, this homomorphism
is an embedding of lattices of the same rank. Thus # Pic(X, M,) is the index of
Divp(X, M,)Y in N, where the embedding is given by the dual of the homomorphism.
As the image of a divisor Dy, in N is ¢(m), this implies that Pic(X, M,) has |N : Ny, |
elements, where we recall that N, is the lattice spanned by {¢(m) | m € 9M,}. We
choose a basis of N = Z¢ so that o/ = [0,00)% and we write T'y;, = {my,...,mg}.
The set {¢(m) | m € 'y, } is a basis of Ny, so I(o0) = |N : Ny | is equal to the
absolute value of the determinant ¢(mi) A --- A ¢p(my).

We will prove the desired identity by viewing both sides as an exponential integral
over a cone. We order the divisors D1, ..., D, on X such that p1,...,ps € o’. Note

that
1
H —_ = / et T adTd dl‘l ‘e dxd.
a; [0,00)¢

i=1 "
We split up the domain of integration into the maximal cones o € X; contained in
o’ =[0,00):

/ e~ MTT AT gy L dpg = Z /e‘alxl_”'_“d”d dxy ... dzg.
[0700)11 oCo’ o
Now the formula [Bar93, Example 2.1] for the exponential integral over a cone gives

d

—01T1— = 0dTd .d = T T\
/ae 21 ... dg = |(ma) Ao A p(my))| 13 (a, ¢(m,))

where a = (a1,...,a,). Since (a, ¢(m;)) = am,, this implies
1
e Mmoo dayg = I(o —_—
/ @ I —
melgy
PmECT

which implies the desired identity. O
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Samenvatting

De getaltheorie is een prominente tak van de wiskunde toegewijd aan de studie van de
gehele getallen. Een belangrijk thema hierbinnen is het bestuderen van speciale verza-
melingen van getallen, zoals de priemgetallen, de kwadraten, kwadraatvrije getallen
en nog veel meer. Voor zo een verzameling zijn er twee belangrijke vraagstukken:

e Hoeveel zijn er, als een aandeel van alle getallen?
e Hoe zijn ze verdeeld?

Veel verzamelingen waar wiskundigen in geinteresseerd zijn zijn oneindig, maar
meestal bevatten ze maar 0% van de gehele getallen. Zo is de verzameling kwadraten
1,4,9,16,25,... oneindig, maar is het aantal kwadraten kleiner dan een getal B
ongeveer /B, veel kleiner dan B zelf. Daarentegen komen kwadraatvrije getallen
(1,2,3,5,6,7,9,...) veel meer voor: het aantal kwadraatvrije getallen kleiner dan B
is ongeveer %B . In het bijzonder is ongeveer 60,8% van de getallen kwadraatvrij.

Een van de onderwerpen in mijn proefschrift is een veralgemenisering van zulk
soort telproblemen naar hogere dimensies. Dit leidt bijvoorbeeld tot vraagstukken
als: hoe veel komen tripels van gehele getallen (n, m, k) voor zodat nmk een kwadraat
is?

Priemontbindingen en M-punten

Om dit soort problemen te bestuderen heb ik in mijn proefschrift de theorie van
M-punten geintroduceerd. Deze theorie geeft een manier om deze problemen te
bestuderen vanuit het oogpunt van de algebraische meetkunde, en is een natuurlijke
uitbreiding van de theorie van Campanapunten.

Priemontbindingen spelen een belangrijke rol in dit verhaal. Elk geheel getal
kan geschreven worden als een product van de priemgetallen die het getal delen. Zo
hebben we 9 = 32, 10 = 2-5 en 72 = 23-32. Voor een geheel getal k en een priemgetal
p is de multipliciteit v, (k) van n bij p het aantal keer waarmee k door p deelbaar is.
In andere woorden, het is de macht waarmee p voorkomt in de priemontbinding van
k. Zois v2(9) = 0, v2(10) = 1 en v5(72) = 3. We definiéren de multipliciteit ook voor
tupels (geordende lijsten) van gehele getallen door te stellen dat de multipliciteit van
een tupel (a1, ...,ay) bij p wordt gegeven door de multipliciteit van alle codrdinaten
samen:

mult, (a1, ..., an) = (Vp(a1), ..., vp(an)).

Bijvoorbeeld, de multipliciteit van (9,10, 72) bij 2 is dus mult,(9, 10,72) = (0,1, 3).
We kunnen dit gebruiken om M-punten op projectieve ruimte en torische
variéteiten te beschrijven. In de meetkunde zijn projectieve ruimten fundamentele
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objecten. Op de projectieve ruimte P"~! zijn de (rationale) punten gegeven door

de tupels (a; : --- : ap) van breuken ay,...,a,, met de schalingsrelatie (caj : --- :
can) = (ay : -+ : ay) voor alle breuken ¢ # 0. In het bijzonder kan elk rationaal punt
geschreven worden als (ay : - - : a,), waar aq, . . ., a, geheel zijn en geen gemeenschap-

pelijke deler hebben. Voor andere torische variéteiten is er een analoge beschrijving
van de rationale punten, met een andere schalingsrelatie.

Neem nu een deelverzameling 2t C N” van de n-tupels van natuurlijke getallen. In
andere woorden, 9 is een verzameling van tupels van de vorm (my, ..., m, ), waarbij
my,...,m, allemaal natuurlijke getallen zijn. Dan is de bijbehorende collectie van
M-punten de verzameling van alle (ay : --- : a,) zodat zijn multipliciteit voor elk
priemgetal p in I ligt.

Bijvoorbeeld, als n = 2 en 9t de verzameling is die bestaat uit (0,0), (1,0), (0, 1),
dan zijn de M-punten de paren (aj,as) waarbij beide kwadraatvrij zijn en geen
gemeenschappelijke delers hebben. Door 9t anders te kiezen kunnnen we veel andere
interessante verzamelingen krijgen, zoals de tripels (n,m, k) zodat hun product een
kwadraat is en ze geen gemeenschappelijke factor samen hebben. In Sectie 2:.1.4]
worden nog veel andere voorbeelden gegeven.

M-punten van begrensde hoogte

Voor een punt (ai,...,a,) op projectieve ruimte is er een natuurlijk begrip van
grootte, namelijk de hoogte:

H(ay: - :ay) =max(la],...,|as]),

het maximum van de coordinaten waar mintekens buiten beschouwing worden gelaten.
Dus, voor een gegeven verzameling 21 kunnen we ons afvragen hoeveel M-punten er
zijn met hoogte kleiner dan een getal B. In mijn proefschrift heb ik bewezen in
Theorem dat dit aantal neigt naar cB*log(B)*~! als B naar oneindig gaat voor
constanten a, b, ¢ > 0. In andere woorden, als B groot is, dan is het aantal M-punten
met hoogte hooguit B ongeveer

cBlog(B)*~ 1.

De constanten a en b hier zijn expliciet en hebben een meetkundige interpretatie.
Als we een milde aanname doen op de verzameling 9, kunnen we ¢ ook expliciet
uitrekenen.

Bijvoorbeeld, het aantal tripels (n,m,k) van gehele getallen zodat nmk
kwadraatvol is en ze alledrie kleiner dan B zijn is ongeveer gelijk aan
1,724V B3 log(B)?. (Een getal is kwadraatvol als het geschreven kan worden als een
product van een kwadraat en een derde macht, of equivalent: de multipliciteit van
het getal bij elk priemgetal is ongelijk aan 1.)

Algemener kunnen op andere variéteiten (ruimtes beschreven door vergelijkin-
gen) ook hoogtes en M-punten worden geformuleerd. Met deze hoogtes geeft The-
orem [1.2.7] ook een beschrijving van het aantal M-punten van begrensde hoogte op
(gespleten) torische variéteiten. Deze resultaten breiden de resultaten van Pieropan
en Schindler [PS24a] voor torische variéteiten uit van Campanapunten tot de veel
algemenere setting van M-punten. In het bijzonder geeft Theorem [I.2.7] ook een
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beschrijving van het aantal zogehete zwakke Campanapunten van begrensde hoogte,
zoals bijvoorbeeld het gegeven voorbeeld hierboven. Dit was al door eerdere auteurs
bestudeerd, maar die hadden geen resultaten of voorspellingen voor hoeveel er zijn.

Verspreiding van M-punten

Een ander onderwerp dat ik heb bestudeerd in mijn proefschrift is de verdeling van
M-punten op projectieve ruimte en andere torische variéteiten. Hiervoor werken we
met modulorekenen. Voor gehele getallen n,m is n mod m het unieke gehele getal
k tussen 0 en m — 1 waarvoor we n = am + k kunnen schrijven, waar a geheel
is. Oftewel n mod m is de rest na deling door m. We zijn geinteresseerd in de

volgende vraag: gegeven een macht van een priemgetal p, zijn alle tupels (by,...,by)
met 0 < by,...,b, < m van de vorm (a; mod m,...,a, mod m) voor een M-punt
(a1 : -+ :ay)? Als dit kan, dan zeggen we dat M-benadering geldt.

In het algemeen is dit niet het geval. Zo kan dit niet gedaan worden op de projec-
tieve lijn P! met 9 gegeven door de paren van even getallen. Voor deze keuze van
9 zijn de M-punten gegeven door tupels van de vorm (a? : b?) of (—a? : b*) met a
en b gehele getallen, en het paar (2,1) is niet te schrijven als (a? mod 5,b? mod 5) of
(—a? mod 5,b% mod 5). In mijn proefschrift heb ik een manier gevonden om eenvoudig
te bepalen of M-benadering geldt voor projectieve ruimte of in algemener een (ges-
pleten) torische variéteit, gegeven in Theorem m Dit is een brede uitbreiding van
het recente werk van Nakahara en Streeter [NS24], die aantoonden dat M-benadering
geldt in de beperktere setting van Campanapunten.
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