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Abstract

In recent years, Zudilin and Rogers have developed a method to write
L-values attached to elliptic curves as periods. In order to apply this to a
broader collection of L-values, we define Eisenstein series and determine their
Fourier series at the cusps. As an illustrating example, we write the L-values
of an elliptic curve of conductor 32 as an integral of Eisenstein series and
evaluate the value at 4 explicitly as a period.
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1 Introduction

1.1 Periods

At the start of a mathematics study, students learn successively about different kind
of numbers. We start by learning about natural numbers

N=1{0,1,2,3,...}.
Afterwards we add the negative numbers to get the integers:
Z=A..,-2,-1,0,1,2,...}.

Then by including fractions we get the rationals:

QZ{‘S‘p,qGZ,q%O}-

By adding the limits of Cauchy sequences we get the real numbers R. By formally
adding an element ¢ whose square is —1 and extending it linearly we obtain the
complex numbers:

C={x+1iy|z,yeR}

An useful property of the complex numbers is that they form an algebraically closed
field, which means that any nonconstant polynomial with complex coefficients has
a root in C. If we restrict to the numbers that are the solutions of polynomial (or
equivalently, algebraic) equations with rational coefficients, we obtain the algebraic
numbers Q C C.

We therefore have the hierarchy

NcZcQc@
N n.
R c C

Often numbers are classified by considering their position in this hierarchy. There is a
big difference in size of the set of algebraic numbers Q compared to the set of complex
numbers C. The set of algebraic numbers is countable, as the set of polynomials
can be enumerated, the complex numbers on the other hand are uncountable, by
Cantor’s diagonal argument. Due to the small size of the collection of algebraic
numbers, many important constants, such as 7 and log(2) are not contained in it
(Lindemann, 1882).

However, it is possible to define a class of numbers that includes these numbers,
and much more, while still remaining countable. A natural choice for such a class are
the periods. A period is a complex number which real part and imaginary part are
both (absolutely convergent) integrals of rational functions with rational coefficients
over domains in R” defined by polynomial inequalities with rational coefficients [2].
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The functions can also be chosen to be algebraic instead without any harm. The set
of periods &2 forms a countable ring, which contains the algebraic numbers Q. For
example,

V2 = dzx.

222<1

The ring also contains other important constants such as

>~ d
772// dxdy:/ xz
2+42<1 _001+$

and integer values of the Riemann zeta function, k > 1,
Z / / dxydxsy ... dzy
nk 1 —2129. .. 0%

The extended period ring & := P[1/x] contains a large collection of natural
examples, such as values of generalized hypergeometric functions at algebraic points
[6] and special L-values. As an example, a theorem by Beilinson and Deninger—Scholl
states that the (non-critical) value of the L-series attached to a cusp form f(7) of
weight £ at a positive integer m > k (see the definitions and formula below)

belongs to 2. Although the proof of the theorem is effective, computing these L-
values as periods remains a very tough problem even in particular cases. Most of
these computations are motivated by (conjectural) evaluations of the logarithmic
Mahler measures of multivariate polynomials as L-values, where a Mahler measure

of an polynomial P € Z[x,. .., x| is defined as the following integral:
1 dxq dxy,
P)=—— log | P —_— .
m( ) (271_2)]C 0g | (xh 71']?) T T
|z1|==|zK|=1

With this purpose, Rogers and Zudilin have developed a setup [3, [4] for writing
L-values L(E,2) of cusp forms f(7) of weight 2 as periods. Zudilin [9] later described
an algorithm behind the method, which is not restricted to the weight. This can be
used in principle to compute arbitrary L(F, k)-values of an elliptic curve as periods,
provided £ > 2. However, even with this method, evaluating an L-value as a period
remains a difficult task.

1.2 Modular forms and L-functions

In this thesis, a general notion of Eisenstein series is introduced and their Fourier
series at cusps are studied. They are used to help with executing the method of
Rogers and Zudilin [3] [4]. We present an example of evaluating L(F,4) as a period,
a task that was never explicitly one before. After this, we show how the results on
Eisenstein series can be used to write the L-values of the same curve as an integral



of products of two of such series. The main results in this thesis are Theorems 1
(section [2)), 2 (section [7)) and 3 (section [g)).

Two important concepts used in this thesis are modular forms and modular
functions, which we shall now define. Let I be a subgroup, of finite index, of the

modular group
b
s ={(2)

which acts on the extended upper half plane (with added cusps)

ad—bc:l},

H={recC|Im(r) >0} UQU {ico}

a b\ _ar+b
c d T_c7'+d‘

A modular form f of weight k for T" is a holomorphic function on H such that

Fab)yr)y=(cr+d)*f(r) forall(24) T,

along with the requirement that f(7—%) possesses a Fourier expansion " a,e
(for some N € N) for every £ € Q. A cusp form is a modular form such that f(7)
vanishes at 7 € QU {ioo}, that is, at every cusp. A modular function f is a mero-
morphic function that is [-invariant (it has weight k£ = 0) along with the property
that f(r — £) possesses a Fourier expansion Y o a,e*™ /" (for some N,m € N)
for every £ € Q.

Throughout this thesis, we will use the notation ¢ = €*™7 for 7 in the upper half
plane Im7 > 0, so |¢| < 1. With this notation, modular forms are therefore power
series in ¢'/V, for some natural number N, while modular functions are Laurent
series in ¢V with finitely many negative powers. For functions of variable ¢ or T,
we will use the differential operator

by Mobius transformations:

2unt /N

n=—m

1 d d

Toridr Tdg

and denote by 67! the corresponding anti-derivative normalized by 0 at 7 = i00 (or

at ¢ =0):
= [

In particular, for a modular form f(7) = 3 °° | a,q" whose expansion vanishes at
infinity, we have

L(f. k) : =] /f = /f Ht—Ldt, (1)



and

— a
Z_n— kf|q1

n=1

S

whenever the latter sum makes sense.

We use two standard constructors of modular forms and modular functions:
Eisenstein series and Dedekind’s eta function. The Eisenstein series will be the focus
of the first part of the thesis; they are defined in the next section. The Dedekind
eta function is defined as follows:

n(r) =g [ =™ = D (—1)rg o
m=1 n=—o0

its modular involution reads
n(=1/7) = v —irn(r). (2)

We also set 1y (7) := n(k7) for short.
As an illustration of the ideas in this paper, the L-values of an elliptic curve of
conductor 32 will be studied. An example of such a curve is

=2 — 2.
By the modularity theorem for any elliptic curve F, there exists an associated cusp
form f of weight 2 such that the L-function L(F),s) of the curve coincides with the
L-function L(f,s). In the case of conductor 32, this cusp form is

f(r) = ning.

This special modular form satisfies many properties, such as multiplicativity of the
Fourier coefficients: if .
=> anq",
n=1

then a,,, = a,a,, for n and m relatively prime. This cusp form is intimately con-
nected to the number of points N, on the curve modulo a prime p (including the
point at infinity), as its Fourier coefficients satisfy a, = p + 1 — N,, for almost all
primes p.

We will also sometimes use the generalized hypergeometric functions, which is
defined by the series

Qp, A1y...,0
k+1Fk
( bi. ... by

_ — (ag)n(ar)n - .- (ak)ni

in the disk |z| < 1; here (a), := I(a + n)/T'(a) = [[%_(a + m) represents the

m=0
Pochhammer symbol. The properties of the series, such as integral representations

and analytic continuation can be found in Slater’s treatise [6l, §4].
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In later sections, sometimes an equality is established between two different
modular forms of weight k& for some subgroup I' of SLy(Z) that has finite index m
using only the first terms of the Fourier expansions. This is justified by using the
Sturm bound [7, Corollary 9.20], which states that if the first km/12 terms of the
Fourier expansions are equal, then the forms are identical. In practice, the constants
k (the weight) and m (the level) tend to be small, so equality is easy to verify.

Acknowledgements. I owe a great debt to all who have aided me in my thesis and
in my study. In particular I am deeply grateful for my advisor Wadim Zudilin, who
has taught me many things and advised me on several matters, such as how to write
a thesis and how to do mathematical research. He also introduced me to several
interesting topics, among which is the topic of this thesis. I would also like to thank
the Radboud University for allowing me to take part in their Honours programme.
It allowed me to have research visits abroad. One of these was at the ENS Lyon,
where I had advice from Frangois Brunault and Riccardo Pengo and also learned
a lot about algebraic geometry and its connection to my thesis. The other was at
the TU Darmstadt, where Michalis Neururer gave more advice and taught me more
about modular forms and Sage. I am very grateful for their time and wisdom, both
at a mathematical and personal level.

2 Eisensteln series

The work of Y. Yang [§] provided us with transformation laws for the generalized
Dedekind eta functions of level N:

gap() = %N T =™ ] -G, (3)
m>1 m>1
m=a mod N m=—a mod N

where ¢ = ¢*™" and B(x) = {z}* — {2} +1/6

whose logarithms may be viewed as Eisenstein series of weight zero. Similarly, there
are very classical transformation laws for the following Eisenstein series of weight k
and level N, as described by Schoeneberg [5, Chapter 7], if k& > 2:

Cran(T) = S (mr+n), (4)

Zbgg mod N

where the dash means that (m,n) = (0,0) is excluded from summation. When k = 1
or 2, it is defined similarly, though analytic continuation is required to circumvent
the lack of absolute convergence.

We will unify these two notions and use the transformation laws to find two
different expansions of the series at their cusps.

In order to do this, we take integers N, k, a and b, where k£ is nonnegative and
N is positive. Before introducing general Eisenstein series, we need to define their



constant terms:

Bragi if k#0,2
Yap(T) = ¢ —miTNB(a/N) itk=0
Ba(ony — wopieyy) k=2
where (k- 1)1
Bk’ - YA
(—2mi)

and o = ai\f,’)k is defined by setting
aZl;k:OifaEOmodN

and otherwise, when k£ > 1:

tre o S ) ()]

meZ
m=b

mdwmnk;if;E%L<#+&{§})<(1+&{;}>]
i %{g(a {ND - <<O—{N})]

where ((s,t) denotes the Hurwitz zeta function, and {z} denotes the fractional part

of . Now we define the Eisenstein series £, = Egék of level N and weight k as

Bop(r) =)+ D 'l (DF Y0 Gt (5)

n,m>1 n,m>1
m=a mod N m=—a mod N

where (y = e~ . Note that we can even write Yap = Vep if K> 1 and a # 0, because
Ya,p does not depend on a in that case.
With this definition we will later see that

EN(r) = —log gas(7), (6)

and
Eé\fék(ﬂ = BrG Nk (ap) (N T) for any k > 0. (7)

We are now ready to formulate the theorem.



3 Expansions for the Eisenstein series at its cusps
In order to express the expansions of F,; around §- where c is an integer, define
c
() = Eape(r) = Eay (N + T) :

The following theorem gives two Fourier expansions for this general Eisenstein series.

. . Nk .
Theorem 1. For a,b,c arbitrary integers, Eq.p. = E. " possesses the following
ETPANSIONS:

Eope(T) = Eoq—o(T) + Yad(T) — Yamar (T) + dg0 - micB(a/N) (8)

+ Oy 0 - i (u - z‘cB(a’/N)), (9)

and

where &;; denotes the Kronecker delta, a’ = —ac — b, V' = a(c* + 1) + bc and p is a
rational number such that

"2 24’V (2 1 b2 (2 1 b 1 1
((a)c+a ?\(762"—)‘}‘()0_'_@(0'{'); (C+)—§m0d2. (10)

If we take ¢ to be zero, we obtain the following corollary.

p=—

Corollary 1. For any integers a and b, E,p = Ei[,;k satisfies

1
E p(T)(NT)F = E_y, <N2 ) + O omips (11)
vl 2ab b 1
ab a—
="z + N 2 mod 2.

Below we make occasional use of the identity
BN () = (=1)FER (1) + dpomitN(B(a/N) = B(=a/N)),

S . . . Nk
which is an immediate consequence of the definition of E;

4 Proof of Theorem 1 for weight equal to 0

Recall Yang’s [8, Theorem 1] definition of the generalized Dedekind eta functions
Nap(T) of level N with ¢ = p2miT.

Gap(r) =P T (1= ] (- GPe™)

m>1 m>1
m=a mod N m=—a mod N



with
B(x) = {z}* — {z} +1/6,
where the notation (y represents e2™/N. (Note that our g,,(7) coincide with
E.,(NT) in Yang’s paper.)
Therefore we have

Gap(c/N + 1) = exp(mi(c + N7)B(a/N))
X H (1 — & exp(2mim(c/N + 1))

m>1
m=a mod N

X H (1 — ¢y exp(2mim(c/N + 7))
m>1
m=—a mod N

= exp(mi(c + N7)B(a/N))
< I a-& ™™ ] @—-G"mem).

m>1 m>1
m=a mod N m=—a mod N

In what follows we fix the principal value of the logarithm, so that —log(1 — z) =
Yo % for z inside the unit disk. Taking logarithms on both sides we obtain

log gup(¢/N + 7) =micB(a/N) + mitNB(a/N)
Do log(l—@rq™) Y log(l— (™)

m>1 m>1
m=a mod N m=—a mod N

= micB(a/N) + mitNB(a/N)

bn+acn  mn

B Z o q B Z C;[Im —acn qmn

n n
m,n>1 m,n>1
m=a mod N m=—a mod N

= —FE,act(T) + micB(a/N),

which establishes both the identity —log g, = Eqp in @ and the Fourier expansion
in the theorem.

Now we will proceed with the expansion @D For this we will apply
[8, Theorem 1] on g, ,(7/N), where we choose the matrix « to be

A= G _Ci; 1) . (12)

(£ 751)7) = €™ gapl(T/N),

That theorem implies

==

garw (



where

—C

(@ V)=(a b) G _02_1)_1:—@ b) (i’ _02_1>:(—ac—b a(@ + 1) + be).

Therefore,

implying

By setting

we have

(13)

9ab(T/N) = gary (%) ik

cNT — (62 + 1) —Tip
ga,b(T) = Ga' ( N(NT — c) )6

—(2+1)/N .
:ga’,b’(CT (C + )/ )e_ﬂ—lu’

Nt —c¢
,_Ct—(c2—|—1)/N c 1
- Nt—c t=c/N+r - N N7’
c 1
- miB(a’'/N)
= B(d'/N) — ——1~ 7
micB(a'/N) e
Z %n o 2wic  2mimn
_ SN o B
n P N N2t

m,n>1
m=a’ mod N

§ : C&bln 2mic  2mimn
- ex _
n P N N2t

m,n>1
m=—a’ mod N
- miB(a'/N)
= micB(a'/N) - ——— 172
micB(a'/N) =
m,n>1 n P NQT

m=a’ mod N

- Y wexp —2mimn
n N2 )

m,n>1
m=—a’ mod N

10



Thus, we obtain

B(a' /N
108 Ga.p <% + 7') = —mip + micB(d' /N) — %
N —2mmmne
_ N
Z n F ( N2t )

m,n>1
m=a’ mod N

Z ™ —2mmni
n N2t ’
m,n>1
m=—a’ mod N

and the Fourier expansion @ follows.

5 Proof of Theorem 1 for positive weight

In [5, Chapter 7], the following expansions for G'n k (44) in are given:

1 e
GN,k,(a,b) (7_> = a(]l\’]i)k + — Z Z nk_l -sgnn - e%(bn—&-‘rnm)

k m=a mod N nm>0

2

_ 5k g———
“N2(T —7T)
_ Nk
- O“/a,b
1 1 2mi 1 2mig_
+ = § ’I’Lk 16 - (bn+Tnm) + (_1>k E nk 16 N (—dn+Tnm)
ﬁk m,n>1 m,n>1
m=a mod N m=—a mod N
5 211
—UVk25 5, -
N2(t —7)

Thus E,4(7) = G N ap) (NT) as previously asserted in ([7)).

We will now derive Fourier expansions of £ (7) for k > 0, in terms of 7 and
1

— 3, similarly to what was done for ENO

a,b,c’

11



5.1 Expansion in 7

The Fourier expansion is obtained simply by writing out the definition of E, if
k # 2:

BN (1) = 5k04i\,[13k

a,b,c
+ < Z nk—1e%(bn+(c+N7)nm) + (_1)k Z nk—lezlvﬂ(—bn—i-(c—&-NT)nm))

m,n>1 m,n>1
m=a mod N m=—a mod N
o N,k
_’ﬂk&ab
k—1 ~bn4+cmn _mn k k—1 —bn+cmn mn
+< E n* N g™+ (—1) E n" 'y q )
m,n>1 m,n>1
m=a mod N m=—a mod N
o N,k
_’5kaab
k—1 rbn+acn ,mn k k—1 —bn—acn ,mn
+( E n" g™+ (—1) E n" (y q )
m,n>1 m,n>1
m=a mod N m=—a mod N

When k = 2 we have the same expression, with the extra term

271 271 T
_B2N2((0+NT)— (ct+ N7)) = b -

included. This establishes for any k£ > 0.

. . -1
5.2 Expansion in -
Now we will derive an Fourier expansion in terms of leT.

I', we have

For every B = (b” b12) c

ba1 bao

GNky(ap) (BT) = (b7 + b22)* Gk (a5 (T)
(see [5, Chapter 7]). Recall (13)), then

cr— (2 +1)
T—c

GN k(o ) ( ) =GNk p) (AT) = Gk ap) (T) (T — )"

Substituting ¢ + N7 for 7, we obtain

clc+ N7)— (2 +1
GN g ap(c+ NT)(NT)F = GN’k’(a,ﬁ/)( ( ) — ( ))

c+Nt—c¢
cNt -1
= Gvav(alvb/) ( N,,_ )

1
=G a'.b - N
N,k,(a',b) (C N%—)

12




meaning that
1
Eop (TN = By o| — —— ).
L
Using the first Fourier expansion for Ey ., we obtain

ENED(NT) = fyal

a,b,c
k1 b ntd’en —2mmnsi
+ n N exp| — —5—
N2t

k k—1,—bn—a'cn —2mmni
ST M iy
m,n>1
m=—a’ mod N

which is precisely @

6 Expressing double series as Eisenstein series

More generally, we may consider series of the form

S(r)= > n*'f(n)g(m)g™,

n,m>1
with f and g both N-periodic and satisfying the parity constraint
f(=a)g(=b) = (=1)* f(a)g(b) for all integers a, b.

One advantage of the Eisenstein series introduced here is that it allows us to repre-
sent S(7) as a linear combination of Eivl’)k(T), up to a linear combination of ‘constants’
Yab(T), by using (the inverse of) the finite Fourier transform. Here we define the

inverse finite Fourier transform ]/C\Of f by
N 1 —an
fy =5 > "fla).
a mod N

It is known (and easily checked) that this transform satisfies

f)y= 3" @ ia).

a mod N

We will use this property to prove the following proposition.

Proposition 1. For any two periodic functions satisfying
f(=a)g(=b) = (=1)*f(a)g(b) for all integers a,b,

13



The g-expansions of S(1) and the Fisenstein series

LY Ty

a,b mod N

coincide. In other words, the identity

> " Z ) (Epy' () =705 (7)) (14)

n,m>1
takes place.

Proof. We can assume without loss of generality that g and f not identically zero.
From this follows that, by the imposed relation, there are n, m such that
g(m), g(—m), f(n), f(—n) £ 0. Then f(-a) = (~1)*&=m f(a) = (=14 f(q),
so f(a) = f(—a) for all integers a or f(a) = —f(—a) for all integers a. By symmetry
the same property also holds for g. By writing out the definition of fwe find that

~

f(=a)g(=b) = (—1)ka(a)g(b) for all integers a, b.

Now we will use this property to prove the identity.

S fgmnt e = S S f)gmntg™

n,m>1 amod N mmn>1
m=a mod N

=YY @it

a,bmod N  mmn>1
m=a mod N

= > Jga) Yo e

a,b mod N m,n>1
m=a mod N

=2 3 Fwsl

a,b mod N
bn, k—1 mn k bn k—1 mn
(X gt X G
m,n>1 m,n>1
m=a mod N m=—a mod N
§ : N,k
- f ab - fyab ) L
abmodN

Remark. The proof did not actually use that k is a nonnegative integer. Therefore,
this theorem is valid for general Eisenstein series of integral weight k.

14



7 The L-value at 4 for conductor 32

In [9], the L-values at 2 and 3 of an elliptic curve of conductor 32 are explicitly
expressed as periods, and there is a general outline on how to derive such results.
We will use this to compute a representation of the L-value at 4 of the elliptic curve
as a period.

Recall that for a conductor 32 elliptic curve E, the L-series is known to coincide
with that for the cusp form f(7) = nin2. This will be shown to be a product of
Eisenstein series.

We have the following (Lambert series) expansion:

oy (—%) 1 _éf’;m = > alm)b(n)g™",

i m>1 m,n>1

where a(m) := (=) and b(n) := nmod 2 are as in [9]. This expansion can be
obtained using Dirichlet convolution; in this case

nlm
o odd

n

where ¢(n) is the n-th term in the expansion on the left and p is the Mobius function.
Combining this with the identity

ning = s s
4°18 —
i g

and using the modular involution we obtain

f(lt) = 2lt Z a(ml)b(nl)e—%rmlrnt Z a(mg)b(nQ)e_%mz"?/(?’Zt).

mi,n1>1 ma,nz>1

We apply this to the L-value at 4:
1 1 d 2 4 [ee]
L(E,4) = L(f,4) = —/ Flog® 2 = —ﬂ/ F(it)® dt
6 Jo q 6 0

= O S )b b(ms)a(ns)

2-6
mi,ni,ma,na>1

o mang 2
X -2 t t- dt.
/0 exp( W(mﬂh + 397 )>

15



Performing the change of variable t = Z—fu yields

L(E,4) = —é7r4 Z a(m1)b(n1)b(m2)a(n2)z_§

mi,n1,mz,n2>1 1

></ exp( 27r<m1n2u+7§;n1>)u2du

:——w/ Z naa(my)a(ng) exp(—2mmnyu)

mi, n2>1
—2mmang \ o
X —————exp | ——— |u“du.
> Hten (S5
ma,ni>1
Now we perform another change of variable v = 32 , then
1 dv
u? du =

(3202 3202

We now have

2Tmang
L(E,4) 3 323/ Z n2 TTI,1> (n2)exp (ST>
mi, n2>1
5 dv
X Z exp(— ngnlv)F
mao,n1>1
47 o . 3 dv
_ _3_323/0 Fi(i/320) (57 Fy)(i0)
where A
_ — 3 _mn
n,m>1
and
_ b(m)b(n) ..
(5 SFQ)(T): Z ( )3( )C]
m,n>1 n
-y 4
= (1 =g¢*)
n odd

We will now proceed by expressing Fi(i/327) as an eta quotient and (63 F)(7) as a
product of an eta quotient and a hypergeometric series in terms of an eta quotient.
By PARI computations, we obtain

16
774 772 778
Fi(r) = —32
374 ny

16



thus

16 12, 4
4 12 78 &1 e
VN FU(T) =i/ (320) = (2 —32-2 —)
/( ) 77317%6 ng T=1v
_ 212( s’ 277?771%)
4,4 8

= —212F1 (27’) ‘T:w.

If we define Z(7) = 4n}%/n; and then also the modular function

X(7) = 5(r) - (1 + H(r)})V2 = ‘;’7—

then we have, by Duke’s formula [1l eq. (2:6)], that

A0 R)(r) = JF) (5717%71% _4X(T)2)
~ X(7)- H(—4X(1)?)
A(7)

Clausen’s formula [0, §2.5 eq.(2.5.7)] reads

111
o=

11
—4X<7')2) = 2F1 (2712

Now, using this, we can write
1 o
LB = grt [ REnE R )ndy
0

1 o] 1 16 4,12 16
_ _7#/ —( T 32”4’7816) T H(—AX (7)2) ] i do.
6 o 4\ minie YR 2

4 4,8
Ifz = 2?8, then

4nl2p8 4128
dr = 77216778 X _ 77216778 2midr.
M 4q T4

So by a change of variable, the differential form 2mi F (2iv) (6 Fy)(iv) dv transforms

e 1( n¢ nime \ 1i° _ m® 2
_Z< —32 g )TO X B SH(_4X )dl'
Up 271

772 77316 UE
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This is a rational function in (%)4, (2—2)4 and ("16) multiplied by H(—4X?)dz.
Explicitly, we have the following:

1/ i 1
2mi [ (27) (672 Fy) () dr = (778 —327747716)”‘;2 - x H(—4X?)dz

it ns )3 774 \ ,
R GIOR R GRGI
x(%) (—4X?)dz

As in [9],
and we also have

and

2
Using these results we obtain

rt —2(1 — /1 —22)*
128(1 — 22)1VA(1 — VI = 22)

If we express the algebraic relation in terms of y = v/1 — 22, we get

—21 Fy (2iv)(6 3 Fy) (iv) dv = x H(—4X?) dx.

or By (200) (5 By) (i) dv = — 1= ke ) S H(—4X?)dy

128y9/2(1 — y)/1 — y?
1— /1=
128+/4°(1 4+ y)

Since
1— 2
1 — 22 y?

and x(7) ranges from 0 to 1 when 7 goes from ico to 0, we have

L(E,4) = r /1( 21— V- a?) ) ><H<_4(93—4>dx

1536 1 — 22)1/4(1 — /1 — 22 1 —22)2
and
Pt —6y+y)VI—y
L(E,4) = = / U=06y +yIVI=Y pyx2)qy
1536 P+ )

_ 3 / (1—6y+y*)V1 /// dy dy; dy2 dys
1536 ./, Vi +y) yt+ 41— y?) (1 =y (1 —y3)(1 —v3)

18



The following theorem summarises our findings in this section.

Theorem 2. The L-value of an elliptic curve E of conductor 32 at 4 possesses the
following expression as a period:

1—6y+y)v1— dy dy; dy, dys
LE4 -
1536 VYA +y) (vt + 401 -y (1 -y (1 —y3)(1 - 13))

(0,1]*

8 General L-values for conductor 32

We will find an expression for L(E, k) for both even and odd k > 1 of the form

CT('k/ Fy(2i0)(67 M Fy) (iv) dw,
0

where C'is an explicit rational constant and F; and F, are finite sums of Eisenstein
series. In order to carry out this computation, we define the partial Fourier transform
Ed’b = EC]lV ;- of an Eisenstein series:

Z CdaEN k'

a mod N

1 ~
Nk —da 7N,k
E.p = N Z CNd Ed,b :

d mod N

Note that we also have

These functions have a simple series representation, which will help expressing series
in terms of the Eisenstein series.

Proposition 2. For any N, k, d and b the following holds:

E’é\gk _ Z C ’Yab"— Z dm+bn k—1 mn (_1)k Z C&dmfbnnkflqmn (15)

a mod N n,m>1 n,m>1

and for k > 1, the first sum vanishes if d Z 0 mod N and is otherwise equal to

Op2 - o - 2mi I Okac P 2mi

N 1)y — 22 2250 (v 18, Y _ k2P ATY

N =107 = ey = W= DB 2, m™ = =
I

Note that for this reason the first sum vanishes for odd k > 1.

Using allows us to write S in the following way:

> F@)g(b)Eas(r).

a,b mod N

19



8.1 The case of even k

We have

L(E, k) it)th T dt

_ (
— —m Z a(ml)b(nl)b(mg)a(ng)

mi,ma,ni,nz>1

> mana \ \ k2
x _9 ¢ =2 qt,

the change of variables t = Z—fu then gives

L(E k) = —L)‘/OO Z ns~ta(my)a(ng) exp(—2mmingu)

mi,n2>1
b(ma)b(n:) —2Tmaony \ p_o
X d
m;m:x I A T "
Now take v = 32#” such that u*2du = —32,1,1 f—ﬁ:
n a(ng)exp | ——
=Ty 32k 1 k 0 2P T 3y
mi,ng>
mao)b(nq dv
X Z i n2’3 E )exp(—megnlv)F.
ma,n1>1 1
Define A
Fi(r) = Y a(m)a(mn*'¢m™ = > (—) n* g™,
m,n>1 m,n>1 mn
F2(7_) — Z b(m)b( k 1 mn_ Z nkz 1 mn
m,n>1 m,n>1
m,n odd
so that

_ (2m)" Oo i ka1 L dv
L(E,k) = Ty s i(E 1)!/0 F1<@)5 h (FQ)(w)U—k.

It remains to write F} and F; in terms of Eisenstein series and to apply a modular

mo__s—m
——, we have

transformation to F}. As (ﬁ) —

—4 1
<%) — Z(Zm—n + i—m—&—n _ Z~m+n _ Z-—m—n)7
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SO

1 ~4s 1 ~4s

B = Z‘Ei’l - ZEi’l
¢ & k

= §(Ei71 - Eil)?

and as (’ﬁ)2 = m mod 2, we have

(Z1)"7 4+ (<) (1) (<) ()7 — (<1 2

b(n)b =
(m)b(m) - ,
implying
1 ~ ~ ~ ~
Fy— (B - B - Bt 4 B2)
1
= (= E7Y + EYp).
By we have
i Uk —1 ar( —1
Fl—|==(E" | =—— ) - E| =——
() =5 (2 () - 24 ()
- %(4  2iv0)F (=B (2i0) + EL(2iv))
= —(8iv)*Fy(2v).
Thus we obtain
—(2m)* o dv

—(8iv)* Fy (2iv) (§7F T Fy) (iv) —

L(E k)= ok

2320 1(k — 1)! J,

Ti k [e9)
— % /O Fy(2i0) (6 F Fy) (1v) dw.

8.2 The case of odd &
We have

(lng)l)! /O h Fit)tt a
B S )b )bma)a(ny)

_ |
2(k 1) mi,mz,ni,n2>1

> mang \ \ k-2
X -2 t t" e dt
/0 exp ( W(mlnl + 397 )) ,

21

L(E, k) = —




the change of variables t = Z—fu then gives

L(E k) = / Z K1b(my)a(ng) exp(—2mmingu)

mi, n2>1
—2Tmany \ i_o
X Z eXp ( )u du.
ma,n1>1 32U
Now take v = 51— such that u* 2 du = — 73— 9%:
(27T>k — —27rm1n2
mi,n2>1
b(mas)a(n dv
X Z % exp(—27rm2n1v)F.
ma,n1>1 ny
Define 4
Fir)i= 3 tmatnt g = 3 (S )k,
m,n>1 m,n>1 n
m odd
—4
Fr)i= 3 (= = 3 (S g,
m,n>1 m,n>1 n
m odd
so that

2m)k o0 1 k1 L do
L(E,k):—2_32£_1()k_1)!/0 F1<3%)5‘ (Fo)(iv) Y.

Now it remains to write F; and F5 in terms of Eisenstein series and to apply a
modular transformation to F}. Since

—n 1 — Z'Qm —n ,l'n+2m + Z'—n—?m

bima(n) = —5——5— = 4 ’

and



By we have

A
32v

E (prarm) ~ 4 ()

(4 - 200)"(—EL*, (2iv) + EYF4(2i0))

N =0 DN .

= —(8iv)" I (2iv),
where
Fl = _Eiﬁl + Eiﬁg-
Thus, we obtain

L(E,k) = 5 321?2 m—y /O h —(Siv)kFl(in)(5‘k+1F2)(iv)%

- % /000 Fy(2i0) (67" Fy) (i) dw.

We summarise our findings in this section as follows.
Theorem 3. The L-value of an elliptic curve E of conductor 32 at k > 2 equals

16(mi)*

LB k) = 2% (k — 1)!

/000 Fy(2i0) (67F T Fy) (iv) do,

where Fy and Fy are Eisenstein series of weight k. Fxplicitly, for even k:

F = §(Ei71 - Eil)

and for odd k:
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